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Abstract—The logical means of detecting empirical regularities using the JSM method of automated research
support are considered. Generators of hypotheses about the causes and hypotheses about predictions that are
stored in sequences of expandable fact bases are determined. Many “histories of possible worlds” are consid-
ered, where “world” refers to an expandable fact base. This set is used to determine empirical regularities, that
is, empirical laws, tendencies, and weak tendencies. Empirical regularities are used to determine empirical
modalities of necessity (for empirical laws), possibilities (for empirical tendencies), and weak possibilities (for
weak empirical tendencies). The Propositional calculi of the class ERA are proposed, that is, modal logics
with two empirical modalities of necessity and possibility such that they imitate abductive inference through
the axioms of abduction (O(p — ¢q) & Tg) — Op), (C(p — q) & Tg) — ©Op), where O, ©, T are operators of
necessity, possibility, and truth (“it is true that...”). A series of definitions related to the characterization of
data mining using heuristics of the JSM method of automated research support is given.
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INTRODUCTION

The JSM method of automated research support
(ASSR JSM method) is an instrument of the science
of artificial intelligence (Al), covering its three main
sections: the presentation of knowledge, automated
reasoning and computer realizations in the form of
artificial intelligence products (Al systems, intelligent
systems and Al-robots).

The ASSR JSM method has two stages of realiza-
tion: the first (initial) stage is the application of the JSM
reasoning to the initial fact base FB(0); the second stage
consists of applying JSM reasoning to a sequence of
expandable fact bases FB(0) — ... < FB (s), and its pur-
pose is to detect empirical regularities ERs: empirical
laws (ELs) and empirical tendencies (ETs and WETs,
where WETs are suspicious or weak ETs).

The formalization of the means of detection ER =
EL U ET u SET was presented in [1, 2], where the
empirical regularity is understood as the simultaneous
preservation of hypotheses about the causes of the
investigated effect and the corresponding hypotheses
about its ideas, using hypotheses about the reasons.
The generation of hypotheses about the causes and
hypotheses about predictions is carried out using
inductive inference rules and inference rules by anal-
ogy, respectively, and is accompanied by a check of the

T, 21

degree of abductive explanation of fact bases p(")( P,
wherec ={+, —},andp=0, 1,..., s [1, 2].

1. THE LANGUAGES OF THE ASSR JSM
METHOD JL, MJL AND JSM REASONING

The formalization of JSM reasoning is carried out
using the JL object language [1—3] and the MJL meta-
language, as discussed below.

We note that using MJL the second stage of the
ASSR JSM method is formalized, that is, JSM
research [1, 2], the result of which is the discovery of
many empirical regularities (ERs) and the formation
and completion of open quasi-axiomatic theories
(QATs) [4].

The JL Object Language

X, Z, V (which may have lower indices) are vari-
ables for objects and subobjects (variables of grade 1);

Y, U, W (which may have lower indices) are vari-
ables for effects (many properties), that is, variables of
grade 2;

C, C,, C,, ... are constants representing objects and
subobjects (values of variables of grade 1);

0, 0, 0,, ... are constants (many properties),
which are the values of variables of grade 2;
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n, m, [, k, r, s (which may have lower indices) are
variables, the values of which are natural numbers (n € N),
that is, variables of grade 3;

— (complement, difference), N, U are operations
of the algebra of sets;

= is an equality predicate for terms of grades 1,2,3;
>, < are predicates for terms of grade 3;

X :f” )Y isthe predicate “The object X has a set of
properties Y,” where p is a parameter indicating the
applicability of the predicate in the fact base FB(p),
p=0,1,..,s;

V :>(2” )Y is the predicate “V is the cause of Y,”

where p is a similar parameter;

-, &, v, — are logical connectives of two-valued
logic;

J,—jare B. Rosser, that is, A. Tiirkett operators [5],
where V. = (v,n) or v = (1,n);

1, —1, 0, T are types of truth values: “actual truth,”
“actual false,” “actual contradiction” and “uncertain-
ties,” respectively;

(v, n) is the truth value, where # is the likelihood
degree of the results of applying the plausible inference
rules (induction and analogy [1—3]), which expresses
the number of applications of these rules;

(T, n) is the set of truth values defined recursively:
(T ={Ln+1),{(~La+1),0,n+ v (t,n+1);

s if vip]=V
o0 = {f, if Vo] #V’

where v[@] is the estimation function ¢, and ¢, f are
truth values of two-valued logic (“true,” “false”);

V,d are quantifiers of universality and existence for
variable of grades 1, 2, 3, respectively.

The terms and formulas of the object language JL
are defined in a standard way, but with a significant
addition of formulas, terms and quantifiers from
tuples of “variable length” [6, 7].

When searching for and discovering empirical reg-
ularities in the fact bases (FB) of intelligent systems, it
is required to establish the similarity and difference of
facts on a finite but previously indefinite set of exam-
ples. The number of such examples &, therefore, is a
variable (k is called the parameter of empirical induc-
tion). This circumstance causes the expansion of the
language of the logic of predicates of the first order (for
models of arbitrary power) by introducing formulas of
“variable length” and quantifiers for tuples [7]. JL is a
language of weak second-order predicate logic [8], in

which a transitive closure is expressiblez, aswell, itisa
J-definable language of infinite-valued logic with a
finite number of types of truth values (1, —1, 0, 1) [10],

2DV Vinogradov in [9] established that, for finite models, JSM
rules are expressible in the predicate logic of the first order.
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which corresponds to the four-valued logic of argu-
mentation [11].

The “variable length” formulas in JL are formu-
las of the form 3JkIXFX,..3X,_3IY3AY..3Y,

& S XD & AT AT =T\ (X =
X)) V;(Y =Y,;), where T, T, are terms.

JSM reasoning is the interaction of inductive infer-
ence rules and inference rules by analogy with the subse-
quent application of accepting the results of plausible
conclusions through abduction of the first kind [1, 2, 12].

The plausible inference rules by empirical induc-
tion p.i.r.-1 (inductive inference rules) are formalized
by M°-similarity predicates (¢ = +, —) [1, 2, 12, 13].
M f SV, W) are the least predicates of similarity (they
are the means of formalizing the First Rule of the

inductive derivation of D. S. Mill [14]). M, f SV, W) are
reinforced by additional conditions b°,dy,d;, where

o=+, —, and M;”(V, W) and M, ,(V,W)are predi-
cates of (x)-similarities of examples, representing,
respectively, the inductive inference rules with the “pro-
hibition of counterexamples,” differences and similari-
ties—differences (the latter two rules are formalization of
the corresponding canons of D. S. Mill [14]) [13].

The general form of p.i.r.-1 is
(p) -
([);’y J(‘t,n)(V :217 W) 5 M:n(V(a I;V)‘g('_'j‘lyn(ya W) )
Sy (V = W)

Similarly is defined (/ )f,y for o = —, 0, T, respectively
[12, 13]. The pair (x, y) is the name of the strategy Srz, ,
of the JSM reasoning [6].

We consider a partial case of JSM reasoning such
that there is the only possible cause V for the only sin-

gle-element W. Then, we obtain p.i.r.-1 for (/ )j’y
that Jo) V= W)
M,V W), M,V W), IV =8 W), JeyV =
VW, where v =1,—1, 0.

Thus, there is one step of inductive inference. The
second step of JSM reasoning [6, 12] is the inference
by analogy using the plausible inference rule (p.i.r.-2),
which uses the consequences of p.i.r.-1.

such there are and

For the case of JSM reasoning under consider-
ation, the inference by analogy (p.i.r.-2) is formalized
by predicates P°(V, W), where ¢ = +, —, 0, T, and

PrX, V) = VU,V =2PY)P & (Ve X &

IV (Vo= V) v I (=Y 1)) & (Ve X))
P~(X, Y) is defined similarly.

3

= is equality by definition.
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For the truth value (0, 2), where “0” is the type of
truth value “actual contradiction,” P°(X, Y) is defined
as follows:

PUX, Y) = VAUV = ) & Iy =
P& (Ve X) & (Ve X) & (V= V) v
Wy (Vo= Y) & (Vo< X)).

We also define PY(X, ¥) = —(P*(X, ) VP~ (X, ) v
P(X, V) [12].

The inference rules by analogy (p.i.r.-2) are
defined as follows:

Jwo) (X =7 1), P°(X,Y)

auny, ,
T L =Y
L,if o=+
where v=<-1if 6 =—;
0,if 6=0
. T X = DAY
T =)
We note that p.ir.-1 (/)7, and p.ir-2 (II)J,,
where ¢ = +, —, 0, T are defined for JSM reasoning

strategies Str,,, [6, 13] and facts bases FB(p), where
p=0,1,...,5s[1,2].

The sets of M°-predicates and their negations,
where ¢ = +, — form, respectively, distributive lattices
[13], that is, lattices of the intensionals IntL° and
Int(—L°). As for the inductive inference rules p.i.r.-1
(1)°, they correspond to direct products of the intensi-
ties of M°-predicates and their negations —M° [6, 13]:

IntL* % Inf(—L") (corollary J,,(V =¥ 1)),
Int(—~L*)x InteL~ (corollary J,_,,(V =" Y)), IntL*x
IntL~ (corollary J o, (V =¥ Y)), Inf(—L*) x In{(—L")
(corollary J;,(V :>(2” ) Y)). M°-predicates and —M°-
predicates are ordered by the derivability relation.
Extensionals of M°-predicates and —M°-predicates
are defined as binary relations {(V, Yy | MW, Y)},

{0 M0, 1)), {1 | =M1,
{v.y) | =M, (v, 7).

Accordingly, the extensionals of the direct products
of these lattices, which represent the p.i.r.-1®, are
defined [3, 13].

The consistent application of induction (p.i.r.-1) and
analogy (p.i.r.-2) for the strategy Str, , is representable by
the operator O, ,(€2(p)), where Q(p) is a set of elementary

statements of the form Jy(C ={” 0),J0,(C ={" 0),
where Vv =(v,0), v = 1, —1, 0, corresponding to a
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given fact base FB(p) = {(X.¥)| J (X ={” V) v

T X =" V)V J0(X =17 )}, The set Q(p) =

Q) u Q(p) U QYp),p =0, 1, ..., s, and it corre-
sponds one-to-one with FB(p) = FB*(p) U FB=(p) U
FB*(p).

Remark 1-1. The set of elementary statements with
the type of truth values T (“uncertain”) is given for all
extensions of FB(0), that is, FB(p) = FB*(p) U FB~(p) U
FB*(0), where p=0, 1, ..., s,and FB(0) c FB(1) c ... C
FB(s). Therefore, we have Q(0) c Q(1) ... c Q(s) — s
extensions of FB(0), which corresponds to s times of
application of the JSM reasoning, i.e., the operator

0,,(Q(p)) and JSM-operator 5x,y(Q(p)) =
0,,(Q(p)) L Q(p).

Thus, there is reflexivity and idempotency 5)‘, L (Q(p)):

1.Q(p) € 0,,(p)), 2.0, (0, ,(Ap)) = O, ,(Ap)).

Remark 2-1. The strategy of JSM reasoning Str, ,
we call the sequential application of inductive infer-
ence rules (p.i.r.-1) and inference rules by analogy

(p.i.r.-2), which are (/)7 , and (I]);, ,, where 6 = +, —,
0, 7, and every Str, , has a name (x, y) for four direct
products of lattices corresponding to the types of truth

values 1, —1, 0, T [6, 13]. The set of all JSM reasoning
strategies Str, , is denoted by Str.

Remark 3-1. The conditions for the applicability
of JSM reasoning are the formalizability of the rela-
tionship of similarity of facts, the presence of (+)-
and (—)-facts as source data, as well as the existence
of implicit “cause—effect” relationships in data
arrays that are expressible and definable using the
language JL.

In view of the foregoing, the formalization of the
ideas of C.S. Pierce on abduction using JSM reasoning
uses the existence of a “cause—effect” relationship

defined by predicates X 35” )Y (“The object X has

the effect of Y’) and V' :>(2p 'y (“The subobject V'is
the cause of the effect Y”).

In [1, 2] it was shown that one understanding of
abduction (according to C.S. Pierce) can be formal-
ized as a means of accepting hypotheses generated by
the JSM reasoning [12]. In [1, 2] this definition of
abduction was called abduction of the first kind; in
these works a different understanding of abduction as
a logical inference (abduction of the second kind)
realized in the JSM research, which is the second
stage of the ASSR JSM method, is also formalized.

Abduction of the first kind, which we define further
[6, 12], is a possible formalization of the idea of abduc-
tion of C.S. Pierce expressed in a famous text [15]: The
surprising fact, C, is observed; however, if A were true,
C would be a matter of course. Hence, there is reason
to suspect that A is true.
Vol. 53
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This text by C.S. Pierce was interpreted by a num-
ber of authors as a process of accepting hypotheses [ 16,
17]. Understanding abduction as accepting hypotheses
by explaining a multitude of facts has received a proce-
dural realization [18]:

(1) * A set of facts D is given,

(2) * there is a set of hypotheses H,

(3) * H explain D

(4) * All hypotheses 4 from H are plausible.

Of course, such a scheme of explanatory abduction
requires clarification:

1°. How were H obtained?
29, What does it mean that H explain D?

3% How are assessments of accepted hypotheses
generated?

Answers to questions 1°—3° are formulated using
the ASSR JSM method, which performs JSM reason-
ing as a synthesis of three cognitive procedures: induc-
tion, analogy, and abduction [12, 19]4.

It has already been noted that formalization of
abduction in the ASSR JSM method uses the condi-
tions of applicability of JSM reasoning, which include
the assumption that there are “cause—effect” relation-
ships in the set of initial facts that are specified with

respect to the set Str of the given strategies Strx,y of
JSM reasoning.

This assumption is formalized by the causal com-
pleteness axioms CCA© and their weakening (30),
where 6 = +, — [6, 12], which are formulated using the
language JL:

CCA"™ : VXV YAV (J;0(X =" Y)
= V=P V&V < X)));

CCA” :VXVYAV (I (X =" T)
> UV =Y N &V < X)).

The truth of CCA© for FB(p) means that each (6)-
fact has a (¢)-reason, where ¢ = +, —, and, if
l,if o=+

Juo(C =" Q) Q°(p), where v = {_1’ P

then IN(J, ,(V = Q).

Obviously, almost for every studied array of facts
presented in FB(p) of an intellectual system that per-
forms JSM reasoning, CCA©® is true. However, the
applicability of JSM reasoning means that many facts
characterized through the cause—effect relationship are

4 We note that there are many attempts to formalize the ideas of
C.S. Peirce on abduction by means of logic and programming
using deduction [20—22].
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not empty. Consequently, the conditions (3c6) hold,
that is, weakening of the ACP (G), where 6 = +, —:

@H3AXAYIV (X =" Y)
&(JyyV =P V)&V < X)),
@)IXAYIVU (X =7 Y)
&)V =P V)&V < X)).

Accordingly, we define FB'(p)= {X, V) |
(X =7 Y) & oy = Y) & (V < X)),

FB(p)= {X, D)
JonV =P & (Ve X).

(X =P &

Obviously, if FB°(p) = FB°(p), then true CCA©®,

where 6 = +, —; otherwise: FB°(p) c FB°(p).

Remark 4-1. We note that for formalizing the inter-
action of p.i.r.-1 (induction) and p.i.r.-2 (analogy),
the means of the JL object language are sufficient.
However, the definition of the JSM reasoning with the
condition of accepting the generated hypotheses using
an abductive explanation of FB(p) is possible only
with the use of the MJL metalanguage of the JL lan-
guage, which is “richer” than JL.

MIJL contains formulas and terms of JL, as well as
proper terms Q(p), A(p); &V, Y), Q(p)), & (Z, V),

QP)), (D°(QP)), (IH°(QP)), A(p),Qp),0,,(Qp))
and formulas O, ,(Q(p)) = Q,,(p), (D°(Qp) =

Bey(@)i TanV =" ¥)e Ay (P)s TV =P Y)e
A (), Ja(Z =" V)€ QL (p), Jap(Z =17 ) e
Q;,y(p)s J(QQ)(Z 35” Y) = Q;,y(p)

We also introduce the terms MJL FB'(p) =
(X DX =" 1) & IV UV = V) & (Y
X))} and similarly define FB (p). Next, we define the

FB°(p)

FB°(p), [FB°(p)

functions p°(p) = , where

FB°(p)
are the number of elements of the corresponding sets,

and 6 = +, —. p°(p) is a degree of abductive explana-
tion of FB(p).

Now. for a fixed strategy of JSM reasoning from the

set of given strategies Str we define a JSM reasoning
such that its objective is to reduce the set of uncertain
facts FB*(p) for a sequence of expandable FB(p),
where p =0, 1,..., s: FB(0) c FB(1) ... € FB(s).

Vol. 53
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Df1-1. Let be p° a given threshold such that
0 SEG <1, where ¢ = +, —, then, the sequence

0, ,(€(0)),p"(0),p™(0),...,0, (Cs)),p"(s),p (s) s
called JSM reasoning. JSM reasoning is called

admissible if p < p°(s). The admissible JSM reason-
ing will be called monotonically non-decreasing, if
p°(0) < p°() < ... < p°(s), where 6 = +, —.

For a fixed Str, ,, we consider the JSM reasoning

defined by the JSM operator éx‘ ,(€(p)) and functions

p°(p). Let us determine an abduction of the first kind
using JSM reasoning, formalizing the acceptance of
hypotheses generated by inductive inference (p.i.r.-1)
and inference by analogy (p.i.r.-2).

The definition of abduction introduced below
characterizes two types of abduction of the first kind:
strong abduction and weak abduction.

Df.2-1. Strong abduction scheme: sets are given
Qp) = Q'(p) U Q(p) U Qp), O, (Qp)) = Qp),
()., (Q(p)) = A(p), where (1), (Q(p)) =
;). (1), Qp)). (1D°,(Qp)),

) )f(,y(Q(p))} ,and (1)} ,(Q(p)) = A°(p), where 6 = +,
—,0,71.
(1) Q(p) representations of FB(p);

(2) A p) U (o)} p) are JSM reasoning results (according
to Df.1-1); (3) CCA™, ACP are true with respect to
FB(p); (4) Then, the hypotheses A(p) U Q(p) are
accepted. Conditions (1)*—(3)* and their Corollary (4)*
determine strong abduction of the first kind.

Remark 5-1. We consider MJL, using the meta-
predicate Asr(¢) we define “acceptance of the
hypothesis ¢,” where ¢ € A(p) or (XS Q(p).

We note that @ may be a true J-formula, but is not
accepted if CCA© are not true. We obtain the follow-
ing scheme of strong abduction, which is a means of
accepting the results of the JSM reasoning obtained
using p.i.r.-1 (induction) and p.i.r.-2 (analogy):

(1) 9(1)) )

(2) A(p) L Q(p)

(3) ccA®, ccA”

(4)Vo(9 e Q(p) U A(p)) > Acp(9)).

We note that @, V¢, Acp(¢) are means of MJL, and
Condition (3) means that all the facts from the FB(p)
presented in €(p) have an explanation through the
generated hypotheses about the causes of the studied

are

effects. It is obvious that p°(p) =1 is tantamount to
the truth of CCA©®, where 6 = +, —.

We now define weak abduction of the first kind
corresponding to truth (3°), rather than CCA©),
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which means causal incompleteness of FB(p): not
every (o)-fact has an explanation through the gener-
ated hypothesis about the cause of the effect.

Df.3-1. Weak abduction scheme:
(1) Q(0),..., Q(s),
Q(0) c...c Q(s),
(2) &), A(s); 0),....0s), p () 2 7,
p (s)>p , wherep®— set thresholds®;
(3)' @.@)
(4)' V(@ e Qs) U A(s)) = Acp(@)).
We say that there is practical convergence of the
JSM reasoning O, ,(€(0)),p"(0),p (0),...,0, (Q(s)),

p'(s),p (s), if the set thresholds p°: p°(s) = p°, where
o = +, —, are attainable for FB(0) c ...  FB(s).

If p°(0) <... < p°(s) occurs, we say that uniform
practical convergence of the JSM reasoning is realized
(this turns out to be essential in determining empirical
regularities [1, 2]).

Let us formulate the features of formalizing abduc-
tion of the first kind as a means of accepting the gen-
erated hypotheses in the MJL language below.

1°. The idea of abduction is refined and formalized
using the ASSR JSM method; therefore, the condi-
tions of its applicability are assumed: the existence of
(+)- and (—)- facts, as well as the presence in the
FB(p) of positive and negative reasons ((*)-rea-
sons), respectively. These assumptions are formal-
ized using the CCA©® and (3°), which are sufficient
grounds for accepting the generated hypotheses
through explanation.

20, (£)-facts and (£)-reasons are arguments and
counterarguments when generating hypotheses about
causes and hypotheses about predictions, respectively,
for induction and analogy.

3°. Both abduction schemes are structurally feasi-
ble by induction for A(p) and analogy for Q(p).

4% The act of acceptance for strong abduction is
based on the truth of CCA©®, a causal completeness

axiom [12], which is a means of explaining the pres-
ence of an effect in FB(p) and is a sufficient basis for

accepting the generated hypotheses6.

59 If only (3°) is satisfied, and not CCA®, then it
is necessary to consider the dynamic expansion of the
FB(p), starting with the FB(0), the control of which is
provided by functions of the degree of abductive expla-

nation p°(p), where p=0, 1, ..., s,ap°(s) = p°.

3 50 <1, in recognition problems often get 56 =0.8.

© We can assume that CCA® is the principle of induction (D.S.
Mill in [14] considered the law of uniformity of nature to be
such).
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Thus, the JSM reasoning is the synthesis (interac-
tion) of induction, analogy, and abduction, and the
latter controls the JSM reasoning process and sets its

completion if the threshold is reachable: p°(s) > p°.

69. Abduction of the first kind is expressible in MJL
and inexpressible in JL, since the statement of accep-
tance of hypotheses is realized through a meta-predi-
cate Asr(¢). In addition, weak abduction uses func-
tions p°(p).

7°. An essential feature of the formalization of
abduction of the first kind is the fact that abduction is
applicable not in closed theories, but in open ones;
moreover, abduction in the ASSR JSM method is a

means of forming open theories (and their families):
quasi-axiomatic theories defined in [2, 4].

8%, In formalizing abduction of the first kind, a
coherent theory of truth is used: acceptance of a state-
ment through a given set of consistent statements [23,
24], namely:

(1) Asr(g), if and only if CCA";
(2) Asr(e@), if and only if 0°(s) > p°and (T"),(T);

respectively, for strong abduction and weak abduction,
where 6 = +, —.

We note that Conditions (1) and (2) are different
from Condition 7 of the correspondent theory of truth:
xistrue ifand only if p, where x is the name of the state-
ment p [25, 26]. (1) and (2) represent the conditions of
acceptance @ (i.e. statement Asr(@)) with meta-predi-
cate Asr), expressed by consistent knowledge CCA©®

and p°(s) = p° (for Q0) c Q(1) < ... < Q(s)), respec-
tively.

2. PREDICATES FOR CONSERVATION
OF THE HYPOTHESIS AND CAUSAL
FORCINGS OF THE RESEARCH EFFECTS

In this section, we preserve the assumptions of §1:
we assume that there is an effect and an only cause
corresponding to it, such that there is no iteration of
the applications of p.i.r.-1 and p.i.r.-2.

In[1, 2], the idea of detecting empirical regularities
was considered and their formalizations were pro-
posed. Empirical regularity is understood to mean the
preservation of the observed effect with the expansion
of the multitude of facts representing it [2]. This pres-
ervation of the effect consists in the fact that there is a
regularity of correspondence of the supposed cause
and the effect caused by it. The indicated “cause—
effect” regularity occurs not only for a given sequence
of nested fact bases FB(p), p =0, 1, ..., s, that is, for
FB(0) c ... < FB(s), but it (or its modifications) is
observed for all possible permutations of elements of
the fact bases of this sequence.
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We refine the idea of empirical regularities by
determining the possible extensions of the fact bases
and the possible regularities generated for each exten-
sion of FB(p). The purpose of considering all possible
extensions of the original sequence is to minimize the
randomness of the choice of extensions of FB(p).

We will use a terminology similar to that adopted
for modal logics [27]: FB(p) will be called possible
worlds, and sequences of their extensions FB(0),
FB(1), ..., FB(s) such that FB(0) c FB(1) c ...
FB(s) are histories of possible worlds.

Since FB(p) is a binary relation, we introduce the
following notation: FB(p) = R(p), R(1) = R(0) U B(1),
RG+1)=RGuBi+1),i=0,1,..,5s—1; where
RO)YN BG) =A,i=1, ...,s, B(i) n B(j) = Aifi =,
where A is the empty relation.

Thus, we have R(0) < R(1) c ... < R(s) for the orig-
inal R(0), R(1), ..., R(s), that is, the “history of the real
world” for which we generate (s + 1)! histories of possi-
ble worlds (including itself). We note that each history
of possible worlds ends with R(0) U B(1) U ... U B(s).

We expand MJL and introduce the following nota-
tion for the histories of possible worlds

HPW,...,HPW,,...,HPW
HPW, R'(0),R'(1),...,R'(s)

HPW, ., (g)—i—l)!’ (IS)J'])!,...,R((;”)!,
where RI(s) =...= R/(s) = ... = (;)H)!_

We denote the set of all histories of possible worlds
by W, and the possible worlds (PW) we have
already identified by Rj(i), wherei=0,1, ...,s5;/=1, ...,
(s+ 1L

We also introduce variables for the histories of pos-
sible worlds 4, A, ....

Predicates V' =% ¥ and Z =" Y are replaced
with predicates H,(V, Y, p, h) and H,(Z, Y, p, h),
respectively.

The second stage of the ASSR JSM method, the

detection of empirical regularities, forms JSM
research [1, 2]. JSM research is set by

(1) HPW,: R'(0), R'(1), ..., R\(s);

(2) Q%(0),

(3) HPW ,

4) Str,
where ‘W‘Z(S-}-l)!, and R'(0) = (X, V) |

JooHi (X, Y, 0, ) vJ_pH (X, Y,0,1) vJ(1,0) H(X,
Y, 0, 1)}, and Q,(0), Q,(1), ..., Q,(s) one-to-one cor-
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respond to R'(0), R'(1), ..., R'(s). A similar correspon-
dence holds for all Rj(O), s Rj(s), where j = 1, ...,
(s+ 1!, and R'() = (X, V) | JuoH (X, Y, i, j) v
‘l.](:l,(()))lil(Xa ? LAV IeoHi(X, Y, L, )} =1, ..., (s+ D),

The realization of JSM research is characterized by

the funCtions g2(<V, y>’ Q(p)’ h) and gl((z: y>9 Q (p)> h)n
which are defined below.

The data structure of the ASSR JSM method used
to determine facts and hypotheses about causes and
predictions is based on two Boolean algebras B, =

Q" @, 00, —, A, WHuB, =" B, U, -, A, L)
for representing objects (subobjects) and effects (sets
of properties), respectively [4, 12].

We recall that in order to determine empirical reg-
ularities, the simplest case is considered such that
there is the only cause V'and effect Y'such that the JSM
reasoning is realized in two steps: for induction and for
analogy (i.e., without iterations p.i.r.-1 and p.i.r.-2).
Therefore, truth values (v, 1), (t, 1) and (v, 2), (1, 2)

are generated, respectively, for p.i.r.-1 and p.i.r.—27.

To review the histories of possible worlds from HPW .
we parameterize the terms A(p), A( 0);8Up), Q D)
introducing the variable h, we obtain A(p, ), A( p,h);
Q(p, 1), Qp, h.

Let {Q} denote the set {Q(0, #), Q(1, h), ...,
Q(p, h), ..., Q(s, h)} corresponding to the history of

possible worlds h from HPW . Then, we define the

display g, : 2" x2"")x{Q}x HPW — {1,-1,0,7}
as follows:

Df4-2.
&V, Y),Qp, h))

L if JoyHy(V,Y, p,h) € A (p,h)

—1,if Jo_yHy(V,Y, p,h) € A (p,h)

0, if J oy Ho(V,Y, p,h) e A(p,h)

T, if S Hy(V, Y, p,h) € A%(p, h)

o . u® U(z)
Similarly, we define g :(2° x2° )x{Q} x
HPW — {1,-1,0,1}:
gl«Zs Y>a Q(pa h))

Lif Jyo H(Z,Y, p,h) e QO (p,h)

~1,if J 0 H\(Z,Y, p,hy e QO (p,h)

0,if oo H(Z. Y, p.Hye Q(p.h)

T, lf J<T’0>HI(Z,Y,p,h) e Qr(p’h)

7 (t, 1) and (t, 2) are sets of truth values.
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Table 1
&V, Y), Q(p, h)) Q0, QA h)..Qp, h)..L(s, h)
<C1/, Q1> O (0) Gl(l)Gl(p)Gl(s)
(Cf/,QD 6;(0) o;(1)...5;(p)...0;(s)
(Clinys Oriy) S0 G- O (P)-- O (1 ()

We note that V;, = {1, —1, 0}, V,, = {¢, /} are the sets of
actual (“internal”) and logical (“external”) truth values
[4, 12]. The latter are used to determine J—functions [5].

We recall also that (1)} ,(C(p,h)) = A°(p,h), and
0,,(Qp,h) = Qp,h), where 6 = +, — 0, T
A°(p,h) < A(p,h),QQ°(p,h) < Q(p, h).

Let O(h) = {Q,....Q}.O(h) < 2°"; then Table 1
sets g,((V,Y), A p, h)):
The application of the JSM reasoning to each

Q(i, h) generates A(i, h). Through A, we denote the
result of applying the JSM reasoning to the sequence
FB(O0, #), ..., FB(s, h) such that FB(0, #) c ... C
FB(s, h), which one-to-one corresponds to Q(0, 4),
Q1, h), ..., Q(s, h).

In this way,

N
A= Uﬁ(i, h), where Aone-to-one corresponds
i=0

t0{<C'7 Q]>a LX) <Ci/> Ql>7 eeey <Cr/(h): Qr(h))} .

As ‘QT(O)‘ = m,, where my = [, + a + b+ ¢ [6], where
a, b, c are three types of JSM reasoning errors and /; is
the submission of correct (verified) predictions speci-

fying Q(0), which is one of the objectives of the JISM
reasoning.

Three cases are possible: (1) r(h) = my, (2) r(h) > m,,
(3) r(h) < m,. Almost the most possible case is (2).

Similarly to Table 1, we will consider Table 2 defin-
ing g (v, ), Ap, h)):

where ‘QT(O)‘ = my.
We note that g,((V, Y), Q(p, h)) = v, if and only if

L,if o=+
JonyHo(V, Y, p, h)€ A°(p,h), where v = 3 -1, if ¢ = —;
0,if =0

&V, Y),Qp, h)) =, ifand only if J . \Hy(V; Y, p, h) €
- .
A'(p,h);
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Table 2
81z, ), Ap, h) Q(0, Q1L h).. p, h).. (s, h)
<Cl ’Ql> el(o) e](l)el(p)el(s)
(€ ,0) 0,(0) 6,(1)..6;(p)...0;(s)
(Cppo O 0,,(0) 6, (1)..0,,(p)..0,,(s),

gl(<Zs Y>9 Q(p’ h)) =V ifand Only if']<v,2>H2(Z’ Kp’ h) €

Lifo=+
Q°(p,h), where v = {1, if 6 = —,
0,if6=0

&(Z 1), Qp, h)) =1,ifand only if Ji. ,H|(Z, Y, p, h) €
Q' (p,h).

Let us preliminarily and informally explain the
meaning of the predicates of the preservation of the
truth of hypotheses and the corresponding predicates
of the preservation of the truth of predictions, using
which the empirical laws contained in the histories of

possible worlds from HPW will be defined.

Let (C,/ ,0,) for parameters p and /4 be performed by
J<1,1>H2(C,-/,Q,,p, h),and Cd, = 1...1 sequence 1 is such
that it corresponds to Q(0, A)Q(1, h)..Q(s, h)
1 1...1,and Cd, is the set of sequences 1...1 such that

S
s+l1

they correspond to Q(0,4)Q(1,4)Q(s,h) by virtue of
1 1 1
feasibility of J,, 5H,(Z, Q;, p, h) for all Z such that

C,-/ c Z, then Cd, - Cd will be called the set of codes

of empirical law. Its elements will be Cd = L,_IJ -L.’._IJ,

s+l s+1
where “+” is the concatenation sign, and each G,(p)

corresponds to 6,(p) such that ¢,(p) = 0,p), where
o,p)=1.Thecode Cd =—1...—1-—1... —1 is defined
— ——

similarly. The codes Cd = 6(0)...5,(s) = 6,(0)...8.(s),
where 6,(p) = 8.(p), 6.(p) = 1(5.(p) = —1), will be
called purely regular.

Thus, the pair (C/, 0,), performing J,, , H,(V, Y, p, h),
corresponds to the truth of J, ,)H,(Z, Q,, p, h) forall Z
such that C/ cZ.

The same holds for 6,(p) = —1.

Let (C,-/ ,0;) for parameters p and Asuchthat 0<p<gq
performs J(T,I)HZ(C/ , O, p, h), and for parameters
g+1< p < s it performs J<1’1>H2(Ci/, Q, p, h);
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Cd, = 1.1 1...1isasequence T...Tl...1 such that it cor-

s+1—
responds to Q(0, Q(1, h)...Q(q, Qg + 1, h)...Q(s):
and Cd is a set of sequences 7...T 1...1 such that they
correspond to Q(0,4)Q(1,4)... Q(q,h)Q(q+1LA)...
T T T 1

Q(s) by virtue of the feasibilifif of JunH(Z, O, p, h)
1

for all Zand p suchthatg + 1 <p <s, andC,-/ cZ,
then Cd, - Cd, will be called the set of codes of empir-
ical tendencies. Their elements will be

Cd=x.1t1..1et.t1...1, where “*” is the concate-
[yl Jy il B il e |
. q s+l—q q st+l-q
nation sign, and each 6,(p), where 0 <p < g, corresponds

to 6,(p) such that c,p) = 6,(p); and each G,(p), where
g+ 1< p<s, corresponds to 0, such that 6,(p) = 6,(p).

Cd=z..1—1..—1 * 1..T1—1...—1 is defined simi-
larly for J .y Hx(C/ ,Q;, p, B), ey H(Z, Q,, p, h) for 0 <
p < g, respectively, and all Z; as well as J<71,1>H2(Cz/a o,

p, ), J_1»H(Z, Q;, p, h) for g+ 1 <p<s, respectively,
and all Z.

We define weak empirical tendencies for the condi-
tiong=s+1—gq.

To formalize empirical regularities [1, 2] (empirical
laws, tendencies, and weak tendencies), we introduce
the definitions of the corresponding predicates
expressing the preservation of types of truth values (1,
—1, 1) for hypotheses about the causes and their corre-
sponding hypotheses about predictions for extensions
of the FB(p).

Df. 5-2. For a fixed strategy of JSM reasoning
Str, ,, the only cause V for the cases where there are no
iterations of plausible inference rules (p.i.r.-1 and
p.i.r.-2), we formulate the definition of a predicate that
preserves the type of truth value “1” for FB(0) c ...

FB(s): Ly(V,Y.ps,h) = (0 < p < 5) &
2PN > V.Y, p,he N (ph) &
(JunH,(V,Y,0,h) € A7(0))), where (1)} (Qp,h)) =
A(p,hy; L(V.Y,ps,hy = L(V.,Y.ps,h &
P0)<...<pis)).

We define L,(V,Y, p,s,h) and L,(V,Y, p, s, h) simi-
larly.

Similarly to Df.5-2, we formulate the definition of
a predicate of conservation of the type of truth value
for hypotheses about prediction with respect to
FB(0) c ... € FB(s):

Df6-2. L(ZY,p,s,h) = (0 < p < 5)
(P'(5)2P") = uny H(Z,Y, p, i) € Q" (p, h))
(Jun H(Z,Y,0,h) € Q7(0))), where O, ,(Qp,h))
Q(p,h),Q°(p,h) < Q(p,h), 6=+, —,0, 1.

&
&
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LNZ.,Y,p,s,h) =
(P0) < ...<p'(s)).

We define L;(Z,Y, p,h) and [;(Z,Y, p,s,h) simi-
larly.

We note that L5(V,Y,p,h) and LJ(Z,Y,p,s,h),

where 6 = +, —, correspond to Cd = Cd, - Cd>, dis-
cussed above, where Cd; =v...v,and v =1, —1.

Df5-2 and Df.6-2 will be used to determine causal
forcings of the investigated effect, as well as to deter-
mine empirical laws.

Df.7-2 and Df-8-2, as formulated below will be used
to determine empirical tendencies such that they cor-

respond to Cd = Cd, -@2, where Cd, =71...Tv...v, and
v=1, -1, @2 is a set of similar codes for all Z such

L(Z,Y,p,s,h) &

that C,-/ c Z,where C,-/ represents the alleged cause of
the effect being the value Yin g,((V, Y), Q(p, h) and

gl(<Z5 Y)a Q(p’h))
Df1-2. L (V.Y,p,s,h) = Fg((((P'(s)=2p") &
(o Hy(V, Y, p,s, h) S A" (p,h)) v

e Hy(V, Y, p,h) €A'(p, 1)) & (0<p<s5)) = (0 <
PSP &g+ 1)<9) > gV, 1, Qp, h)=1) & (g +
1 <p<s) - o, D Qp, h) = 1)) &

(Ve LV, Y,0,h) € A(0,h) & (JyH,(V,Y,q+
Lhye A (g+1)), L.(V,Y, p,s,h) = L5 (V,Y,s, p,h)
& (pH0) < ... <pT(s)).
Similarly, we
L.V, Y, p,s,h).
Df:8-2' l{r(zayapvsﬂh) = 3q((((er(S) 2 §+) &
(JanH(Z,Y,p,h) e Q7 (p,h) v (J oy H\(Z,Y, p,h) €

Q'(p, 1)) & 0<p<s)) > ((0<p<g) & Qg+ 1) <
) > &(Z, V), Qp, M) =1 & ((g+1<p<s) >

& (Z,Y),Qp,h)=1) & ((J . H(Z,Y ,0,h) € Q' (0)) &
JuyH(Z,Y,q+1,h) € Q' (g +1,h))), lAI,T(Z,Y, )2
s, = L(Z,Y,s,p,h) & (pT(0) < ... < p*(s)).

define and

l/;,t(Va Ya DS, h)

Similarly, we define and

N

L (Z.Y. 5. p.h).
Replacing the condition 2(g + 1) <sto2(g+ 1) =s
in I3 .(V,Y,p,h) and L7 (Z,Y, p,h), where ¢ = +, —,
the definitions l_g V.Y, p,h)

LY (Z,Y, p,h), which express weak empirical tenden-
cies.

LIT(Za Y: DS, h)

we obtain and

Using the MJL language, we define the estimation
function V[@] of the formulas of the JL language.
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Remark 6-2. In [4], a distinction was made
between correspondent and coherent truth values.
Corresponding truth values [25, 26] are determined by
the conditions of T.A. Tarski: “the consistency of the
statement with the state of affairs.” The coherent truth
values of the statement ¢ are determined by the feasibil -
ity of some consistent conditions that characterize @.

Parcels of p.i.r.-1 (induction) and p.i.r.-2 (analogy)
are the basis for the derivability of the effects and
assignment of truth values (v, 1), sets of truth values
(1, 1) forp.i.r.-1and (v, 2) and (t, 2) for p.i.r.-2, where
v=1,—1,0, to them.

Parcels of p.i.r.-1 premises carry out forcing
hypotheses about the causes: forcing based on fact sim-
ilarity (FS). As for parcels of p.i.r.-2, they carry out
local causal forcing of predictive hypotheses (LCF)
through hypotheses of causes.

FS and LCF are conditions for generating coherent
truth values.

Assessments H,(C, Q, p, h) (v, 0) and (1, 0), where
v = 1, —1 are types of correspondent truth values for
R'(p), where p=0,1,....,5;h=1,2,...,(s+1)!,and C,
Q are constants. By virtue of this, we put {1, 0) = ¢,
(—1, 0) = £, where t,f are truth values of two-valued
logic, and (t, 0) = 7.

We will determine V@] for a fixed Str, .

1°. VIH\(C, Q, p, h)] = (v, 0) for R"(p), where v =
1,—1; C, Qare constants,andp=0, 1, ..., s; h=1, ...,
(s+ 1)

20 VIHy(C', Q, p, h)] = (1, 1), if and only if
S0y Hy(C',0, p,h) & M ((C',0) & =M ,((C',Q);

30 VIH,(C', Q, p, h)] = (-1, 1), if and only if
JwoyHo(C',0, p,h) & =M ((C',Q) & M, ,(C",0);

4° VIH,(C', Q, p, h)] = (0, 1), if and only if
JeoyHA(C',0, p) & M7 (C',0) & M, ((C',0);

50 VIH,(C', Q, p, h)] = (1, 1), if and only if
J0yH(C', 0, p,h) & _‘M;—,O(C'a Q) & M, (C',0);

6°. VIH,(C, Q, p, h)] = (1, 2), if and only if
J(T,I)Hl(ca Qa D, h) & P+(Ca Q)’

7°. VIH,(C, Q, p, h)] = (-1, 2), if and only if
J(T,I)Hl(ca Qa D, h) & P*(C’ Q)’

8°. VIH\(C, Q, p, h)] = (0, 2), if and only if
J(T,I)Hl(ca Q’ b, h) & PO(Ca Q)’

9%, VIH,(C, Q, p, h)] = (1, 2), if and only if
J(T,I)Hl(ca Qa D, h) & PT(C’ Q)B

10°. JL formulas formed by —, N, U, <, = are

assessed in the standard manner;
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t,if Vgl =7 .
1% J,0 = ., where @isthe JL formula.
f, otherwise

12°. if ¢,y are JL formulas such that the predicates
H, and H, are within the domain of J-operators or do
not contain these predicates, then the formulas

=0, (@ & Y),(0 Vv Y),(0 = y) are assessed in the
standard manner, as two-valued logic formulas.

13%. if @(X) is a JL formula such that X enters freely
and X is within the domain of the J-operator or does
not contain predicates H, and H,, then V[VXQ(X)] =+,
if and only if M[@(C)] = t for every C € 2U(l);

14°, if @(¥) is a JL formula such that Yenters @ freely
and Yis within the domain of the J-operator or does not
contain predicates H, and H,, then V[VYp(Y)] = ¢, if
and only if V[@(Q)] =tforeach Q 2U(2).

Similarly, we define the assessment V[3X@(X)] and
V[3Ye(Y)] in 15°, 16°%

17°. VIVpo(p)] = t, if and only if V[@(p)] = ¢ for all
values p of the variable p such that 0 < p <, relevant
R'p), where h is the history number of possible
worlds from HPW ;

18°. ¥[3pe(p)] = ¢, if and only if exists p such that
0<p <5 and V[@(p)] = t relative to R"(p);

19°. V[Vho(h)] = t, if and only V[@(h)] = ¢ for all
R'(p),where 1<h <(5 +1)and0< p <5, where p is
the value of p;

20°. V|3h@(h)] = t, if and only if there exists / such
that V[o(h)] =tfor R"(p)andall 5 0< 5 <7;

21°. V[Vno(n)] = t, where n is variables of grade 3 if
and only if V[ep(n)] =tforalln =0, 1, ...;

220 V[3n@(n)] =t, ifand only if there is 7 such that
Vo(n)] = 1.

Using predicate pairs L5(V,Y, p,h), L[ (Z,Y, p, h);
LW.Y, ph), [(Z,Y, p,h; L5(V,Y, p,h),
L (Z,Y, p,hy, lg,T(V,Z, ph), L (Z, Y, p.h); L.V,
p’h)’l_’l(f‘r(Z>Y) p5h)> L;T(V,Y, p:h)>l’f‘r(V7Ya pa h)a Wwe
define prolonged causal forcings (PCF) forc = +, —,

which are the applied local causal forcings for the his-
tories of possible worlds HPW R*(0), R"(1), ..., R'(s).
PCF expresses the condition for preserving local

causal forcing for all possible worlds R*(p), beginning
with R"(0) for the relevant HPW,. The dependencies

of predicate pairs I3,L] and I3,L7; L5, L], and
LI Ly, I, and L3, L7, express empirical regu-
larities (ERs), empirical tendencies (ETs) and weak
empirical tendencies (WETSs), respectively.

Df9-2. The PCF conditions for empirical regulari-
ties are
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() FnAsY VN YN ZYp(LSWV,Y, p,s, ) & (V € Z) &

P(Z.p,h)) = L\(Z,Y,p,s,h)), where P(Z, p, h) =
—3 V()((J<71,1>H2(Voa Z,p, h)v JonH,(Vo, Z, p, h)) &

Noc 2));

(2) WAV VN YN ZYp(LS(V,Y, p,s, ) & (V cZ) &
P(Z.p,h) — [3(Z,Y, p, s, h)), where 6 = +, —.

Df10-2. The PCF conditions for empirical tenden-
cies are

(3) IV YV Z (L3 V.Y, p,s, ) & (V < Z)
&V < Z)& P(Z,p,h)) — L[ (Z.Y, p,s,h));

4) AV YVZVp(L.V.Y,p,s,h) &
(V < Z) & P(Zp,h)) > LT (Z,Y, p,s,h).

Df11-2. The PCF conditions for weak empirical
tendencies are

(5) MYV YNZp(L3.(V,Y, p,s, &V < Z)
& P(Z,p,h)) = L'(Z,Y,p,s,h)),

(OE/=047a% YVZVp((LTgr(V, Y,p,s,h) & (V c Z)

& P(Z, p,h) = L7(Z.Y, p,s. ).

The following Proposal is an MJL theorem formu-
lated regarding the histories of possible worlds. R"(0),
Ri(1),..., R(s).

Proposal 1-2. Conditions for prolonged causal
forcings PCF determined by predicate pairs

L\V.Y,p,s,h), (Z,Y,p,s,h);

LW.Y,p.s,),L(Z,Y, p,s, h);

L.(V.,Y,p,s,h), L (Z,Y,p,s,h);
V.Y, p,s,h), [ (Z,Y, p,s, h;
L.(V.,Y,p,s,h), [ (Z,Y, p,s,h);

L3.V,Y, p,5,h), T2, Y, p,s,h)
are true about the histories of possible worlds HPW
R0), R"(1), ..., R'(s) for fixed strategies of JSM rea-
soning.

To prove Proposal 1-2 with respect to HPW, we
reformulate p.i.r.-1 and p.i.r.-2 for predicates H,(V, Y,
p, h)and H,(Z, Y, p, h). Without loss of generality, we
consider the case 6 =+, .

We obtain P*(Z, Y) = IVJ,,Hy)(V, Y, p, h) &
(V< 2) & —3Vy((J . H Vo, Y, p, h) v Jo 1y Hy(V, Y,
p, ) & (Vc2)).

Here, we consider the case of JSM reasoning with
the existence of a single cause and the absence of iter-
ations of the plausible inference rules, which is lim-
ited to the application of truth values (v, n), where
v=1, —1, 0, their set (T, n), where n =0, 1, 2.

We reformulate (/7 );y and (/ );’y, by introducing
the parameters p and A:
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J(T,I)Hl(Zyyapah) & P+(Z’Y7p9h)

Dy,

b

J<1,2>H1(Z’ Y: D, h)

(I)x,y

+ J(‘C,O)H2(V3Y5pah) & M;,O(Vayapah) & _'M;O (V:Y>pah)

J(l,l>H2(Va Ya y 2 h)

(1), and (1), for6=—, 0, Tare formulated sim-
ilarly. We note that for p.i.r.-1 and p.i.r.-2, the parcels
and their consequences are reversible [28].

We consider a fixed but arbitrary strategy of JSM
reasoning St .

We consider PCF for empirical regularities (1)
from Df.9-2 and (2) from Df.10-2.

We suppose that the antecedent (1) is true and

there are # and 5 — values 4 and s. Let C',Q,C and p
be any values V, Y, Z and p, respectively. Let

L,(C',0,p.5,h) & (C' = C) & P(C,p,h), be true,
then J,, y H,(C',0, p, h) is true by virtue of the defini-
tion L,(V,Z, p,s,h).

Next, the truth of P(C,p,h) entails truth
=3IV (S (Vy, Y, p, h) v Jo i Hy(Ve, Y, p, h)) &
(V, < O)) entails truth P*(Z, Y, p, k), and therefore

L (C,C',p,h) is true.

Thus, if V[L(C',0,p,5.h)&(C'cC) &
VIL(C',0,p,5,h) & (C' < C) & P(C,p,h)] =t, then
VIL (C,0,p,5,h)] =t, Q.E.D.

Proposal (2) is proved similarly, as well as the case
with ¢ = — for (1) and (2).

We consider the conditions CF for (1) and (2) for
empirical tendencies.

We suppose that antecedent (3) is true for arbitrary
constants h,5,C',0,C,D VIL,(C',0,P,5) &
(C'c C)&P(C,p,h)]=t. We consider two cases
when0< p<gandg+1< p<5s5.1f0< p<q,then
NJ . H,(C', 0, p, h)] = t, then by virtue of uniqueness
of C' (by assumption) and the definition of the
predicate P*(Z, Y, p, h) and V[P(C,p,5)]=t¢
we obtain VIJ 1y Hy(C 0, )= f and
VIJoyHA(C',Q, p, 1)) = [, VIJyH(C', 0, p,h)] = ¢
and, hence, V[J ., H,(C,Q, p,h)] =t by virtue of the
Fifth exceptional law of four-digit logic [29].

If g+1<p<7, then V[J,,,H,(C',Q,p,h)]=t
V[J<V’,>H2(C',Q,p,ﬁ)] = f, where v = —1, 0, and
VIJ oy Hy(C',Q, p,h)] = f; therefore, by definition
P™(Z, Y, p, h) we obtain that V[J , ,, H,(C",Q, p, h]=t.
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The proofs for the case 6 = — and conditions (4),
(5), (6) are similar.

We consider the conditions of causal forcings
(CF) (1)—(6), denoting them by A7, 1 <j <&, where
6 = +, —. Replacing in Af variables 4, s, V, Y by their
h,s,C",0,
Af(ﬁ ,5,C",0), that is, their realizations RCF,.

values accordingly, @ we  obtain

Af(!? ,5,C',0) will be called empirical pre-regulari-
ties (PERSs): empirical pre-laws (PELs), pre-tenden-
cies (PETs), and weak pre-tendencies (PWETs).

Without loss of generality, we consider CF (1) and
introduce the corresponding definitions, which we
then extend to the case of CF (2)—(6).

DZI(VaYaZaP,S,h) = L;(Vayapassh) & (V c Z) &
P(Zap’ h)a where P(Zs D, h) = —d V(](J(—I,I)HZ( VO: Yapa
s, M) v JonH)(Vo, Y, p, b)) & (Vo< 2)).

Realization (1) RCF;:

VZVp((Ly(C',0,p,5,h) & (C'cZ) &
P(Z,p,h)) = L(Z,0, p,h)). Through D(Z,Y, p,h)
we denote Li(Z,Y, p,h): D(Z,Y, p,h) = L{(Z,Y, p, h).
Then, we obtain 3n3sVVVYVZVp((D5,(V.,Y,Z, p,
h) — D\(Z,Y, p,h)), Dy, ={(Z,p)|
DI(C',0.Z,p,5. 1)}, Dy ={(Z,p) | (Z,0, p,5, ).

We note that D;, and Dy, are binary relations
expressed in MJL, which we expand accordingly.

We note that by virtue of CF (1): D;, < Dy}, which
is a consequence of Proposal 1-2.

We accept the following Assumption (%) : —.(D; L =AN),
where A is the empty relation.

We obtain the result of Assumption (*) and Propos-
als 1-2: «(D]; = A).

Obviously, similar statements hold for DS, Dy,
— and j =1, ..., 6: =(Dy; = A) are
assumption, then —~(D7, = A), as DS, < D;.

We recall now the initial conditions for applying
the ASSR JSM method:

where ¢ = +,
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10.Q(0, 1), Q(1, 1), ..., Q(p, 1), ..., Q(s, 1), that is,
the “history of the real world” €(0, 1), where Q(0, 1) c
QL )c..cQp, 1)c..cQ(, 1);

20, Q%0, 1), where Q%0, 1) = Q%p, h) for all
0<p<s, 1<hA<(s+ 1)

30 HPW ,where |[HPW |= (s + 1)!. HPW isafinite
set of histories of finite possible worlds (PW);

40 Str isaset of strategies of JSM reasoning [6, 13].

We now state the applicability condition of the
ASSR JSM method.

Df12-2. We say that the ASSR JSM method is
applicable if there are strategiesSrr, ,
Str,,,, and D, ; such that —(D;; = A) v —(D,; = A),
where 1 <i,j=6.

Df12-2 expresses the fact that empirical pre-regu-
larities (PERs) are detectable, which means the truth

of the applicability conditions of the ASSR JSM
method.

Remark 7-2. Determination of the applicability of
the ASSR JSM method can be enhanced by the addi-
tion of a consistency condition for realizations of

Af(ﬁ ,5,C",0) and the set of hypotheses generated for

all PW histories from HPW [1].

Remark 8-2. CF realizations will be called empiri-
cal prenomological statements. This term is some mod-
ification of the term “nomological statement” intro-
duced by H. Reichenbach in [30, 31]. Empirical pre-
nomological statements are defined for some HPW

+
and D,; or

from HPW , whereas, below we define empirical
nomological statements such that they are true for all

HPW from HPW .

The empirical nature of prenomological statements
is characterized by the condition of non-emptiness of
the antecedent —-(DZ ; =), as well as the use of con-

stantse and 17 (Z,0, p,~, h), that is, the values of vari-
ables h and s, respectively. Examples of prolonged RCF

are VZVp((L3(C', 0, p,5,h) & (Cc Z) & P(Z, p, h)) —
L(Z,0, p,h)), where 6=+, —, and —(D5, = A) is true.

In §2, we considered prolonged causal forcings
(PCF) [1, 2] and their corresponding realizations
(RCF), expressed by empirical prenomological state-
ments that are defined for fixed histories of possible

worlds HPW from a given HPW . Below, in §3 we
define the integral causal forcings (ICF) for all HPWs

that form HPW , where |HPW | = (s + 1)!.

3. INTEGRAL CAUSAL FORCINGS
AND A SET OF EMPIRICAL REGULATIONS ER

Empirical pre-regularities (PERs) represented by
empirical pre-nomological statements are defined for
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the histories of possible worlds HPW, which are the
values of the variable 4. The empirical regularities
(ERs) discussed in this section are defined for all his-

tories of possible worlds from the set HPW through
realizations of integral causal forcings (ICF), which
are representable by empirical nomological statements.

The ICF of the studied effect is determined by the set
CF determined for all HPW from HPW through basic
CF Af, where 1 <j<6,and 6 =+, —, considered in §2.

The set of all ICFs denoted by ICF, forms the
intensional of the concept of the empirical regularity

IntER, and the corresponding set of realizations /CF
is an extensional ExtER corresponding to IntER and

formed by a set of strategies Str of ISM reasoning and
their applications to all histories of possible worlds

from HPW .

Using the predicate pairs IS, L7; L3, [7; L. L
L, L5, 17, IS, LT ;. basic CFAS, were defined,
where 1 £j<06,0 =+, —. CFA? correspond to their

RCF realization for pairs (C', Q)', where C' is the car-
rier of the cause, and Q is the carrier of the effect.

We note that each HPW from HPW , where

|[HPW |= (s + 1)!, corresponds to some Af and its real-
ization, which corresponds to some code of empirical

regularity Cd = Cd, - @2, where Cd> is the set of codes
for all Zsuch that V' Z (Vis the variable for the carrier
of the cause).

The following conditions are the basis for ordering
of A7:

J
(1) the type Cd is a nonempty regular code (v = 1,
—1): (v, v) *, (1, v) *, which is the code of the initial

(2) types of nonempty regular codes that are
descendants (heirs) of the initial Cd, which are (v, v) |
(1, v), {1, v) such that

(3) (7, vy has 2g < s + 1 repetitions of T, (T, v) has
2g = s + 1 repetitions of T, which characterizes empir-
ical tendencies (ET) and weak empirical tendencies
(WET), respectively;

(4) there is one of the possibilities, that is, the sat-
isfiability of the monotony condition

(5) p°(p) or its unsatisfiability, denoted by M and
—M, respectively.

We note also that (v, v) and (T, v) denote v...v e v...v
and T...Tv...v « T...Tv...v, respectively, with a “length”
2(s + 1); (v, v)* and (1, v)* denote the selected Cd of
the initial empirical regularities.

We recall that Cd = Cd, » CD,, where |Cd,|=|Cdy| =>s.
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Table 3 presents 14 possible integral causal forcings —
A7, Ay, AL AL AS AT VA AR AL AT ALLAY, AL A

where ¢ = +, —. These ICFs are characterized by PCF
generators (prolonged CF), the initial PCFs (their Cd
codes), Cd descendants of the initial PCFs, and the
monotony of the degree of abduction of the first kind,

that is, functions p°(p).

ICF implementations are empirical regularities:
regularities of preserving determinations by
hypotheses about the causes of hypotheses about
predictions, which are expressed by predicates

[ L5 B3, B 5 L B L LS,

The integral causal forcings (ICFs) presented in
Table 3 are formalized in MJL using the correspond-
ing empirical nomological statements to which they
correspond.

We express in MJL all 14 integral causal forcings
(ICF) contained in Table 3 and denoted by A;’ , Where
x € {a,b,c,d,e, f,g h,i,j,k,I,mn}. A are expressible
through prolonged causal forcings A°, where r = 1, 2,

3,4, 5, 6. Inits turn, A° are expressible through six
generators of hypotheses about causes and hypotheses
about predictions that are defined for the correspond-

ing histories of possible worlds HPW from HPW .

Each prolonged CF (PCF) A7, where 1 <r<6, we
express by 3hA°(h), where A°(h) has the prefix
VIVYVZVp. Thus, for example, we present A as
3h AP (h), where A°(h) have VW YWW2ZVp((L5(V, Y, p, h) &

(Vc2) & P(Z,p, h) - L(Z Y, p,h),and6 =+, —.
Then, for each ICF from Table 3 we obtain the follow-
ing representations of ICF, presented in Table 4.

ICFA;, where ¥ = {a, b, ..., m, n}, as characterized

by the specification of their constituents PCF A°,
where 1 < r < ¢ according to Table 3. The conditions
for these specifications are the initial PCF, its descen-
dants with the conditions 2g <s+ 1 and 2¢g>s + 1 and
conditions of monotony p°(p) or their absence, which
is indicated by M and —M, respectively [2].

By X and Y we will denote the variables for the ele-
ments of the set, which we denote by the names a,

b, ..., m, n. By ouX), B(X), y(X) and M (X) we will
denote the conditions that characterize /CF A; ,where
x=1a,b, ..., m,n}.

The values of ou(X), B(X) and y(X) are, respectively,
b, vy*, (T, v*; (v, KT, ), (T, v); 2g<s+ 1,2g=s+ 1.
The values of M (x) are M, —M.

ou(X) characterizes the initial PCF, B(X) character-
izes the immediate descendant of the initial PCF, y(X)
characterizes the immediate descendant and all subse-
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quent descendants, and M (x) characterizes the PCF
itself.

On the set ER, we define the relation d by ordering

oX), B(X), Y(X), M (x) in the following way: (v, v)* >
W, KT, vy >, v), (v, v) & 2q(s + 1) > (v, v) & 2g =5 + 1,
(T, &2g>(s+ 1) >(1,v) & 2925+ 1; 0ux) > B(x),
(v, vlit, v) > (1, v), where “>” is the strict order rela-
tionship.

We define x J y:

Df13-3. x 1y, if (1) or (2), or (3), or (4) occur:

(D) ouX) > oY) & M (X) > M(Y),

(2) o(X) = U V) & BX) > B(V) & M (X) > M (Y),

(3) ouUX) = oY) & BX) = B(Y) & V() > v(Y) &
M(X) > M(Y),

@) a(X) = (V) & BX) = B(Y) &YX = YD) &
M (X) > M (Y).

X =Y, if the corresponding conditions characteriz-
ing Xand Yareequal. XJ Y, if XJ YorX=Y.

Proposal 2-3. The set of all integral causal forcings
ICF is partially ordered and contains the largest and
smallest elements.

Let E= ICF, then E = (E, J) is a partially ordered
set, where £ ={a, b,c,d, e, f, g, h,i,j, k, I m. n}and
Vx(a dx) and Vx(x 3 n).

Let v, (X), y,(X) and y;(X) be conditions (1), (2)
and (3), respectively, then we define X J Y: (y,(X) v

W,(X) v ys(X), MX)) 3 (yi(Y) v yu(D) v ),
MX0) =N/ (WX 2y, (1) & (M (X) = M (V).

Then, reflexivity occurs: Vx (x 3 x), antisymmetry
VxVy ((x 2 y) & (y 2 x)) > x=y), as well as transitiv-
ity VaVyVz(((x D y) & (y D 7)) — (x T 2)).

We consider the partition £= E' | J E", where E' =
{a,c,e,g,i,k,m},and E" ={b, d, f, h,j, 1, n} such that
for all x € E there is M(x), and for all x € E" there is
—M(x).

In E£'and E" there are, respectively, chainsa J¢, ¢ J
e,edg,gdi,idk,kdm;bd,daf,faj,jal,[n,

which follows from the definitions A; , where x € E.
Similarly, we have a 3 band m J n (a and b, m and n

are different by virtue of M (a) >M (b) and M (m) >
M (n). Hence, Vx(a 3 x) and Vx(x 3 n).
The partially ordered set E represents /CF , as A;: €

ICF ifand only if y € E.

The set of integral forcings can be graphically rep-
resented by the classification Tree T'(Fig. 1) as follows:

1°. The root of the Tree T'is ICF itself.
20 The branches Br(y) of the Tree T contain ele-
ments AZ € ICF , where y € E.

Vol. 53  No.5 2019



ON THE HEURISTICS OF JSM RESEARCH 263

Table 3
PCF Cd of initial PCF Cd of descendants Monotony p°(p) ICF
W, v) & 2g<s+1),
* — (¢}
ten 5T W) & Ca<s 1) Mo
v,vy& 2qg=s+1),
W,y & 2gz2s+ Dy, v) &
% - o
A° IS, L) ) (g <s+ DKt,v) & 2g =5+ 1) M Ai
o o (1, & (2g<s+1)
(L5, L) — generators ER)
(v, v)* T, & 2g<s+1) -M A}’
V1 &Q2q2s+1),
(v, v)* v, & (2g2s+ 1) -M A7
V1) &Q2q<s+1)
v,vy& 2qg<s+1),
* o
v ol V) & 2 <s+ 1) M A
v,vy & (2g=2s5+1),
Vv, &Q2qzs+1)
o o (%% v, &Q2g<s+1) M AY
A3 L5, 17 (T, & Qg5+ 1)
(I3, L7 — generators ER) (T, &Q2g<s+1)
(v, v)* (T, & Q2q<s+1) M AS
V1) &Q2g2s+1),
v, n* 1 &Q2g2s+1) M A7
v, )& 2g<s+1)
AU . ]Jc; LIG <T’ V>* <T7 V> & (2q <s+t 1) -M A;S
3 - T Mt
1} (6] E <T,V>&(2q2S+1); - c
(L, Li — generators ER) (7, 7) T,V & (2g=s+ D1, v) & 2g<s+ 1) M 4
(T, n* (T, & Q2q<s+1) M A°
G . 6 0
A by b TV &@2q2s+ 1),
(lf;ﬂ,lff’T — generators ER) |(T, v)* (T, & 2g=s+ 1) M A°
(T, V) & 2g<s+1)
A 3L, (T, v* (T, & Q2gzs+1) -M A°
AC ¢ 1S, I°, (T, vy* (T, &Qgzs+1) M A°

3% The vertices of the Tree T are (v, v)*, (T, v);
v, vIKT, v), (T, v); 2q(s + 1), 2 25 + 1; M, =M.

49 M, —M are the end vertices of the Tree T.

5% (v, v)* and (1, v)* directly follow the root /CF.
6°. The names of the branches of the Tree T are
x-elements T E: x € E'[1, 2].

We denote by ER the set of element names /ICF,
and EL, ET, SET, that is, designations of sets of names
for ICF for empirical laws, empirical tendencies, and
weak empirical tendencies, respectively:

ER={a,b,c,d, e, f,g h,i,j k,I,m, n},
EL={a,b,c,d,e,f, g h},

ET=1{i,j k, 1},

WET = {m, n}.

AUTOMATIC DOCUMENTATION AND MATHEMATICAL LINGUISTICS

It is obvious that 7= {Br(y)|x € E}, and T one-to-
one corresponds to ICF.

Remark 9-3. We note that 7 is defined inde-
pendently of Str, i.e. for any Str, .

Remark 10-3. We now replenish the initial condi-
tions for applying the ASSR JSM method:

1°. Q(0, 1), Q(1, 1), ..., Q(s, 1), where Q(0, 1) c
Q(, 1) c...cQ(s, 1);

2°. Q%(0, 1), where Q%(0, 1) = Q%(p, h) for all p and
all 4;

3. HPW
40 Sty
5% ICF , where ICF represented by the Tree 7.
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Table 4

A7 3 () & F(A5 () & —(hy = 1)) & Vh(—(h = ly) — (A& (h) v A5 (h))))

A D AM(AS () & Ty(hy = hy & Ay (hy) & Yh((h # Iy) & (h % h) — Ay (h) | A5 (h) | AS(h)))
AL 3m(AS () &Yh((h # By) — Af(h)))

Ag 2 Am(AS () & I AQ (hy) & Vh(h # b — (A5 (h) v A (h)))

A5 (AL () & Yh(—~h # h) — (A7 (h) v A5 (h)))

AS D AM(A () & I AL () & h(h # by — (AS(h) v A5 (h)))
A7 2 In(A°(h) & Vh(h # b — A3 (h))

AP WAL () & I AL () & Yh(h # hy — (AS(h) v A5 (h)))
A° AR(AS(h) & Vh(h # h — A (h))

A7 2 (AT () & TmAG () & Vh(Ag (h) v A7 (h)))

A AM(AY () & Yh(h £ By — A (h))

A7 (A () & T AS (hy) & Yh(h # hy — (A5 (h) v A3 (h)))
Ay (A () & Yh(h = hy — A (h)))

A AM(AS () & Yh(h 2 by — AS(h)))

We recall that the vertices (v, v)* and (T, v)* imme-  predicates and [ -predicates that are presented in
diately following the root of the Tree T are PCF of six = Table 3.

types, that is, A°, 47, A7, A7, A;, A , where 6 = +, —, The Tree 7T 'is generated by six generators of hypoth-
which correspond to the hypothesis generators L5-  eses of causes and hypotheses of predictions for HPW .

ICF

(v, v)* (T, V)*

/N

2q<s+1 2q=>2s+1

v, vz, v) (T, V) | |

(T, V) (T, V)

Fig. 1. A tree of T-classifications of empirical regularities.

AUTOMATIC DOCUMENTATION AND MATHEMATICAL LINGUISTICS  Vol. 53  No.5 2019



ON THE HEURISTICS OF JSM RESEARCH

ICF
/ \
(v, v* (T, v*
| ~
v, v) 2q<|s+1 2q2|s+1
(v, T) (v, T)
Tree 75

265

v, v)* (T, v)*
| |
(v, V) (T, V)
Tree T,

Fig. 2. Simplifications of the Tree 7.

It is a general representation of all possible ICFs in the
JSM research®.

T can be transformed in two ways by canceling the
conditions of M or —M, as well as the limitations and

specifications of HPW from the set HPW .

In the first case, only the condition M is preserved,
while in the second, —M is preserved. Then, we
obtain, respectively, two Trees 7" and 7", such that
they are subtrees of 7.

The Tree 7 has Br() such that x € E', where E' =
{a,c, e, g, i, k, m}, and T" has Br()) such that y € E",
where E"=1{b, d,f, h,j,I,n},and E=E'|J E".

The Tree T"" is obtained by the transformation of 7°
such that we omit both conditions M and —M. Then,
the successors (v, v) | (v, T), (T, v) will be (1, v}, that is,
end vertices, and by a, b; c, d; e, f, g, h;i,j; k, [; m, n,
we replace, respectively, the names ICF ay, c|, e}, &, i},
k,and m,.

T" has E" ={a,, c|, e, &, i}, ky, m,}.

T, T", T" will be called reduced trees correspond-
ingto ICF.

We consider the second method of transforming
the Tree T such that we change HPW in various ways.

Let us give two examples of such transformations of 7.

(1) {v, v)* has descendants only of the type (v, v), and
(1, v)* has descendants of the type (T, v) & 2g <s+ 1 and
t,v) &2g=>s+ 1.

(2) (v, v)* has descendants only of the type (v, v),
and (T, v)* has descendants only of the type (T, v).

Thus, we have two simplifications of the Tree 7°
(Fig. 2).

In 7, the vertex (v, v)* has descendants only of the
type (v, v), and the vertex (T, v)* has descendants either
v, 1) &2g<s+1,or{v,T) & 2g=>s+ 1. In T, the vertex
{v, v} * has only descendants of the type (v, v), and the
vertex (T, v)* has descendants of the type (T, v).

In §2, we considered the variant of JSM reasoning
and JSM research for the simple case where the effect

8 According to the terminology of I. Kant in “Critique of Pure
Reason” [32], ICF are the conditions of “possible experience”.
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under study (this is the value of the variable Z) has a
single cause (this is the value of the variable V) and, in
addition, the JSM reasoning is realized in two steps:
the use of p.i.r.-1 (induction) and the subsequent use
of p.i.r.-2 (analogy). The use of p.i.r.-1 and p.i.r.-2
form one clockeycle of the JSM reasoning [6, 12]. This
restriction was used for simple presentation by virtue
of the fact that the general condition for the use of the
ASSR JSM method will require only minor changes in
its main characteristics. These changes are formulated
below and concern the definitions of the generators

L5151 L I I

For generalized hypothesis generators, we retain
the same notation, noting that instead of truth values
(v, 1) for hypotheses about causes and truth values (v, 2)
for hypotheses about predictions, we use, respectively,
(v, ny and (v, n + 1), which are the truth values of the

hypotheses obtained by using p.i.r.-1 and p.i.r.-2,
respectively, where n>1andv=1,—1, 0.

‘We suppose that the studied effect, which is the value
ofthe variable Y, is represented by Y=Y, |J ... | ¥;, and
each Y; corresponds to a possible cause, which is the
value of the variable V,, where i = 1, ..., k.

In accordance with these assumptions, we define
hypothesis generators using the variable n, which
denotes the number of applications of the plausible
inference rules and expresses the likelihood of the gen-
erated hypotheses [6, 12], that is, the smaller # is, the
greater the likelihood is.

For each V; and the corresponding Y,, we define L,
generators and L, generators for empirical regularities
such as laws, tendencies, and weak tendencies:

LV, Y, p,s,h)=3n,((0Sp<s) &p*(s)2pT)) —
Lo Hs Vi Yi p, ) € A (0)) & (Jy 1y Hy(V;, Y3, 0, h) €
A*(0))), where 1 <i<k.

L(Z Y, p,s,h) = 3n; (((O<p<9) &p™()2p") —
Vauy Hi(Z, Y, p, 1) € Q7)) & (Jupy HI(Z, Y, 0, h) €
Q7 (0)).
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Similarly, we define L,(V;, Y;, p, S;, h), L (Z, Y, p,
Sp ), LoV, Yio 0, S5 1), BAZ, Y, p, S, 1), Lo (V,, Y,
P, Sy ), L(Z, Y, p, S, h), where 6 = +, —.

We now define hypothesis generators about the
causes and predictions, assuming that there may be k
reasons for the subsets of the effect Y; such that they
have the corresponding causes V;, and Y is a variable,
whose value is the effect that is being studied, such

that Y = U; Y.

Thus, we believe that the studied effect Y has k rea-
sons V,, where i = 1, ..., k, such that any nonempty
subset of it does not determine Y. Therefore, for any 7,
1<i<k, V,, ..., Vi_y, Viyy, V, does not determine Y.

The above is formalized by Proposal 3-3, which
expresses a prolonged causal forcing for k reasons and
a possible iteration of the plausible inference rules in
the JSM operator O, ,(€2(p)) for Str, ,. Proposal 3-2 is

a generalization of Proposal 1-2.

Proposal 3-2. The conditions for prolonged causal
forcing (PCF), determined by generators of hypothe-
ses of causes and corresponding hypotheses of predic-
tions, are true with respect to the histories of possible
worlds R*(0), R*(1), ..., R(s) for a fixed strategy Str, ,
for the case of k causes of the effect under study and
possible iterations of the plausible inference rules
(p.i.r. 1 isinduction and p.i.r. 2 is analogy).

Without loss of generality, we consider PCF for the
positive reasons formulated below.

EIhEIkEIsl...EIskVVI...VVkVY,...VYkVYVZVp(((&I; (L,

Vo Yo 1,50 ) & (& (Vi 2)) & PZ, p, h) & P(Z,
k

ph) & (Y = _¥) = L(Z Y, p,s, b)) & 35, 3p

an

K (I/la L) I/i—la I/i+la seeo Vka )]17 seeo )/i—la Yi+]9 Yka "'K
+

Po> Sty ws Si_1s Sit1> Sk, h), where K™(V), ..., V,_,

I/i+19 sre I/ka )/17 sre )/i—la )/i+la Yka LA KpOn Sl) () Si—]v

Sit1s oo S ) = (L(Vy, Yy, pos s ) & o & L (V
)/i—lz p0> Si—]a h) & l/‘;(l/i-f—]: I/i-%—]: p0> Si+]a h) & (XX &

l;(l/k’ )/k’ Dos> Sk» h)) — L](Z, Y,po, S0, h)), where N
max(Vy, ..., Vi, Vier s Vi

The case of an effect determined by a set of reasons
Vi, ..., Vi, where k > 1, such that it is preserved for a
sequence of possible worlds Q(p, #), is formalized by
amplification p.i.r.-1. Similarly, the predicate for
p.i.r.-1 needs to be amplified by the condition express-
ing that V,, ..., V, is the smallest set of causes such that
it determines the effect Y, which is preserved in the
history of possible worlds HPW R"(0), R"(1), ..., R'(s).

The amplified predicate 13,: (X, Y, p, h) used in the
proof of Proposal 3-3 is defined below.
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Df. 143 P/KX, Y, p, h =
k
AV, 3V An, In (& JamHo Ve Y b, h) &

k
¥ =J_ ¥ & =33¥e3n, (I 1y HoVa, Yoo o BV
Jomy Vo, Yo, p, 1) & (Vo < X) & (Y, < 1)))) & Tp,
Sy (Vs Y1, po, ) & . & Ty, H (Vi Yy, Pos
h) & J(l,nHl)H2(I/i+ b Yie 1 Po, ) & ... & Hy(Vy, Yy, pos

m) = = Li(X, Y, po, 1))

Similarly, we define P, (X, Y, p, h).

Let the antecedent of the first subformula of the
conjunction of Proposal 3-3 be true. Then, by the
definition of 13,,_ (X, Y, p, h), the first conjunction sub-

formula in the definition of P, (X, ¥, p, &) is true. Since
the subformula K* of Proposal 3-3 is true, the second
subformula is true, expressing the fact that V), ..., V, is
the smallest set of reasons that determine the effect Y.
This proves the truth of the consequent and, therefore,

the truth of PCF for 4, A4, and 4, A4, . Similarly, the

truth of PCF is established for A4, where i = 3,4, 5, 6,
presented in Table 3.

Proposal 3-3 and its extension to the case A’
extends the content of the Tree 7 representing the /CF.

4. REALIZATIONS OF INTEGRAL CAUSAL
FORCINGS: DEFINITION OF A SET
OF EMPIRICAL REGULARITIES
AND RELATED MODALITIES

From Proposals 1-2 and 3-3 it follows that in MJL
empirical pre-regularities 4°, where 1 <i<6,0=+,—
regarding some histories of possible worlds HPW,, h =
1,.., (s + D:v[A’] = ¢, are true.

Since Proposal 3-3 generalizes Proposal 1-2 for the

case of the set of causes V), ..., V, where k> 1, then Af
can represent CF for empirical pre-regularities formed
by k causes of the effect Y.

There are six CF options, corresponding to PEL,
PET, and PWET, that is, types of empirical pre-regu-

larities expressed by I43sV IV YVZVp ((Dg VY Z, p,
s, h) — ij(Z, Y,p,s,h)),where1<i<c,c=+,—. 1t
was shown above that in MJL from the truth of the
antecedent Dg V. Y, Z, p, s, h) follows the truth of the
consequent DY, (Z, Y, p, s, h).

We note that according to Df. 12-2, formulating the
condition for applicability of the ASSR JSM method,
there exist Str, , or Str, , such that *(D;) =NV

—(D,; =A), where 1 <i/,j<c. This assumption is nec-
essary for the existence of empirical regularities.
Vol. 53
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Under conditions of CF for empirical pre- regular-
ities (PEL, PET, PWET), we replace the variables V, ¥,

h, and s with the corresponding constants C', Q, /, 5
and obtain V2Vp((DS; (C', Q, Z,p, 5, h) = D (Z,Y,
p, 5, h)), which we denote by 47(C",Q, 5, h).

Df.15-4. A7(C', Q, h), where 1 <j < o, will be
called the realization of the empirical pre-regularity
(PER) generated by prolonged causal forcing

(PCPHA], where 6 = +, —.
Thus, the pair (C',Q), representing the cause and

effect, performs CF A;’. We will denote the realization
of the prolonged CF by RPCF.

Table 3 shows the dependences of the integral
causal coercion (/CF) on the corresponding genera-
tors of hypotheses about causes and hypotheses about
predictions that generate the /CF. Thus, the set of inte-
gral causal forcings is formed by the corresponding set

of PCFs. The set of all ICFs is denoted by ICF .

Obviously, the Tree 7 graphically represents the set
ICF such that each branch Br(y) conform to ICFs of
the type x, where x € {a, b,c,d,e,f, g h,i,j, k, . m. n}.

We recall that 7'is defined independently of the set
of strategies Str ISM reasoning.

Thus, there is a one-to-one correspondence

between 7= {Br(y)|x € E} and the set /ICF of all inte-
gral causal forcings.

The set ICF, therefore, is representable as follows:
ICF = (A5 A5, A, AS AS, AT, AS, A, A°, AS, AL, A,
A,f }, where 6 =+, —, which is expressed in Table 3. We
consider A7,y € E, 6 =+, —, where A4, characterizes
one-to-one Br(y) in 7. We will use the JSM reasoning

for all HPW from HPW , realizing JSM research [1, 2].
Therefore, we will apply all Str, , out of many strategies

Str. This means the generation of multiple realizations
of A7(C",Q, 5, h) according to Df.15-4.

Df.16-4. The set of PCF realizations that form the
Br(y) of the tree 7'will be called the realization of inte-

gral causal forcing A;’ , where y € E. Realization of ICF
A, will be denoted by 4/ (C',Q), where (C',Q) forms
realization A; , C"is the value V, and Q is the value Z.

Realizations of the ICFs will be denoted by RICF.
The set of all realizations of the ICFs is denoted by

RICF . Since realizations of the ICFs are generated by
strategies Str, , of JISM reasoning, where x € I',ye I

[6, 13]; Str, € E, and St is a distributive lattice.
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Empirical regularity will be called the realization of
integral causal forcing RICF. The set of all realizations

of the ICFs is denoted by RICF .

Now let us clarify the idea of empirical regularity.
The set of all empirical regularities previously denoted
by ERis RICF . In this way, ER = RICF.

Previously, it was believed that ER={a, b, c,d, e, f, g,

h,i,j, k, I, m, n}, but now we will understand y € ER as
types of empirical regularities and we denote the realiza-

tions by . In this way, ER = {a,b,...,m,n} are the set
of all empirical regularities, where % is the realization
A/ ,and e ER, 6=+, — ER=ELUET UWET.

Remark 11-4. ER set of types of realizations of
empirical regularities % . It means that 7 is a factor set of
specific regularities of the type 7, where A; corresponds
tothe /ICF, and ) = {¥,,...,%,}, where )(;, 1 <i</, is the
empirical regularity formed by the pair (C;,Q;), where

Ci' and Q, present hypotheses about the cause and the
corresponding effect. The set of all specific empirical

regularities is denoted by ER. Empirical regularities
corresponding to pairs (C;,0,) and (C;,Q;), will be
called similar if they are generated by the ICF A;: .

Such empirical laws will be called equivalent if they
have the same effect.

Thus, there are three sets that characterize empiri-

cal regularities, that is, FR, ﬁ, and ER. ER forms an
intensional of the concept of the set of “empirical reg-

ularities” (IntER), and ER and ﬁ represent an
extensional (ExtER) of this concept of the ASSR JSM

method. More precisely, ExtER = ﬁ, and ER is the

factor set for elements ER®.
Table 3 shows all 14 types of ICF that make up

ICF, ICF = ERis an intensional of the concept “set
of empirical regularities,” as formulated above.

Empirical regularities themselves are elements of ﬁ,
where ER = Ext ER. Therefore, it is correct that ER =

Intﬁ. In this way, Intﬁ = JCF, that is, the set of
integral forcings represented by the tree 7 and
described in Table 3.

Table 3 is based on the semantics of a finite set of his-
tories of finite possible worlds, which are FB(p, /), one-
to-one corresponding to Q(p, A), where p =0, 1, ..., s,
and the domain # is a set of histories of possible worlds

HPW , where [HPW| = (s + 1)!1°.

In [3], Int and Ext were considered for the initial predicates of
the JSM method and the plausible inference rules.
OFor simplicity, we will use the number i instead of HPW;.
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Table 3 presents a characterization of all ICF Af s
where x ={a,b,...,m,n}, and 6 = +, —. In this way,

A, are elements of IntER = JCF . However, A, are

determined by generators IS, L7; L3, L7515, L ;

Lo [ I I LS, L, generating both initial PCFs
with codes (v, v)* and (T, v)*, and their descendants
characterized by the conditions 2g <s+1,2g=>s+ 1
and M, ~M, which is presented in the classification tree

T of ICF, the root of which is ICF = IntER = ER.

JCF there is an element of content of the inten-
sional, and a partially ordered set (£, 3J), where F =

ICF , is the ordering of content /nfER.
We consider realizations of integral causal forc-
ings RICFs for the set /CF , which in accordance with

Table 3, Tree 7 and definitions A; , where y € E, and
E = FEUE'"UE"™, E ={ab,c,de,/f, gh},
E" ={i, j,k, 0} ,E" ={m,n}.

Df.17-4. We define modal operators Oy, %5, VX5
of necessity, possibility, and weak possibility for reali-

zations 47 and A, where 1 <i<6,y€ E, 6=+, —
Ox, 47 (C',0) = A (C', Q), where ¥, € {b,d, f,h};
Ox24, (C', Q) = 4, (C', Q), where x, € {a,c,e, g};
OYa s (C', Q) = A (C', Q), where x5 € {),1};
Oxs AL (C', Q) = A7 (C', Q), where x, € {i, k};
VysAs(C', Q) = A, (C', Q), where 5 = n;
Vieds (C', Q) = A (C', Q), where ¢ = m.

Earlier in §2, PCF A°, where 1 < r< 6 were expressed
through 32.4° (h),, where A° () has a prefix IsV V'V YV.2Vp;
then, for example, A° we represent as ElhzzlrG (h), where
AS(h) = AISNWIWZp(LSV,Y, p,s,h) & (Vc 2) &
P(Z,p,h))— L(Z,Y,p,s,h)),andc =+, —.

Similarly, we represent PCF A°, where 1 <r<6.
Replacing V and Y, respectively, with constants C'
and Q, we obtain the realizations RPCF A°—

Elhflf(h, C',0),where 1 <r<6. Then, we define assess-
ments of statements with modal operators Oy,
%, Vy, representing realizations ICF as follows:

V[DbAIG [C',0] =t, if there exists HPW h, such that
V[;llc(C',Q,hl)] =¢ and for all HPW h such that if
1 (h=hy), then VIA7(C",Q,h)] = 1 or LA (C",Q, h)] = 1;
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0,45 (C', Q)] = t, if there exists HPW £, such that
VIAS(C',0, )] = tand there exists HPW #, such that
1 (h, = hy) and V[ 45 (C',Q, h,)] = t and for all HPW #
such that if 4 (k = h;), then V[A(C',Q,h)] =1t or
VIAJ(C',Q,h)] = t; similarly, we define Vo] for
X =cdef,gh

V1©,A°(C",0)] = ¢, if there exists HPW £, such that
VIAJ(C',0,h)] =t and for all HPW h such that if

1(h= h,), then V[]lf(C',Q, h)] =t; similarly, we
define Vo] forx =i, j, k,I.

VIV, AJ(C',Q)] = t, if there exists HPW A, such
that V[;lsc (C',Q,h)] =t and for all HPW # such that if
1(h=h)), 10 IA(C',Q, W] =1;

MV, AS(C',0)] = ¢, if there exists HPW 4, such
that V[ AJ(C',Q, k)] = t and for all HPW 7 such that if

1 (h=hy), then VA (C",Q, )] = 1.
Thus, RICFs are realizations of integral causal

forcings defined for all HPW from HPW , and are
empirical nomological statements.

We note that in [30, 31] H. Reichenbach proposed
the theory of nomological statements that expressed
both the laws of logic and the laws of nature. The empir-
ical nomological statements defined above satisfy the
applicability condition for the ASSR JSM method for-
mulated in Df.12-2. Df.17-4 and represent empirical
nomological statements as modal statements.

The set Str corresponds to four direct products of
lattices of intensionals of M-predicates IntL* x - IntL—,
Inty L*x IntL—, IntL*x IntL~, Int L*x Inth L~ [6, 13].
To consider empirical regularities, one should use
IntL* x + IntL and Intq L™ x IntL—, respectively for

=+t 2
ER*, ER and ER-, ER. InM_(V.)Y) &
—M,,(V.,Y)) =M ,(V.Y) & —M,,V.,Y),
Int=M,,V.Y) & M, (V.Y)); Ext(M.,(V.Y) &
MV V)=V VMWV, Y)), Ext(~M;,(V.Y) &

ML, YY) = {V.X) | =MV.Y) &M, (V.V},
where xe I, ye I, and I° — the set of names of M°-
predicates (¢ = +, —) [3].

Int and Ext of the plausible inference rules of the
first kind (induction) correspond to the products of

distributive lattices of MS-predicates and their nega-
tions [6, 13].

In this way, Str, , of JSM reasoning is formed by
p.ir-1(/)y, and p.i.r.-2 (1)}

X,y

where 6 = +, —.
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y

M. ,(V, W) V. YIM (V. )}

MV, Y)

Fig. 3. @

In [6], it was shown that p.i.r.-1 is partially ordered
by the relation = : {(/*x - I, =)and ( I"x I, =). These
partially ordered sets correspond to (/ ):’ ,and (1), , for
Str,. . This partial order was also preserved for p.i.r.-2

04 )3’ »» Which means partial ordering of Str, ,, generated
by p.i.r.-1 and p.i.r.-2, realized in O, ,(Q(p, h)).
It is significant to note that Str, , is a method of

realization of Intﬁ, forming the procedures for
obtaining ExtER = ER.

In [3], a change in the G. Frege triangle was pro-
posed to represent procedural concepts. M°-predi-
cates that form p.i.r.-1 (as conceptual constructions)
that are representable using quadrangles with vertices

X,y are names; M;,,(V, Y),M,,(V,Y) are intensionals;
{v. vy M0}, {v.y) | M, (7.Y)] are exten-
sionals; [M;,,(V, )], M,,V,Y)] are procedural
expressions such that for each (V, Y) extensionals are

formulated, that is, a condition for the truth of inten-
sionals (Fig. 3).

c

xy» Where

Similarly, they are defined for p.i.r.-2(/1)
o =+, — (Fig. 3a).

Procedural expressions carry out the constructiv-
ization of the intensional, generating an extensional,
which is a feature of the procedural concepts repre-
sented by the triple (Int, Print, Ext), where Printisthe
procedural expression that formulates the method for
generating Ext. In the ASSR JSM method, algorithms
for generating similarities of facts are used to perform
induction [33, 34].

In [3], schemes for representing procedural con-
cepts for p.i.r.-1 were also formulated.

The “set of empirical regularities” concept is an
important example of a procedural concept, whose
representation scheme is given below, that is, it

expresses the organization of the triple (/ntER,
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Prlntﬁ, Extﬁ), where Pr[ntﬁ is realized through
the set Str-strategies of JSM reasoning.

Thus, PrIntﬁ is formed by the set of strategies of

JSM reasoning Str [6, 13]. In [13], two cases of Str are
considered: with 16 and 36 strategies of JSM reason-

ing”. In the first case, p.i.r.-1 are formulated using four
positive and four negative M°-predicates (¢ = +, —)

M;n, where x is a*, (ab)", (ady)", (adyb)*, and M,
where y is a~, (ab)~, (ady)~, (adyb)~ |6, 13]; and a°®,
(ab)°, (ad,)®, (adyb)° are conditions for M°-predicates
of similarity, similarities with prohibition of counter-
examples, difference and differences with prohibition

of counterexamples, respectivelylz.

Intﬁ we represent as a tree 7 = {Br(y)|y € E},

PrIntﬁ we represent as the set of all strategies of JSM

reasoning [6, 13] Str, where St = {Str,, , seees S ) s

where x;e I, y;,e I, 1 <i<p,and p =16, 36 [6, 13].
To each branch Br()) of the tree 7' we assign a set

of pairs (C,Q,)°, where ¢ = +, —, such that they rep-
resent the cause and corresponding effect of some

empirical regularity from the generated set ER

through some Str, ,, from Str.

We introduce the following notations for this purpose:
A, = Uer{a/, VY| A{(V.Y)], where 6 = +, —;
A; (V,Y) represents realizations ICF for Str,, from
PrintER.

Up [35], a description is given of an intelligent system that imple-
ments the ASSR JSM method for gastroenterology data. This
computer system has 16 JSM strategies.

2Conditions @ and ad, formalize inductive canons of similarity
and difference [14]. The canons of similarity-differences are for-
malized in [13, 36].

Vol.53 No.5 2019



270
T
/ | \
StrX] y ... Strxr’ v ... Strxp’ Y
| | |
sgnxl’ (D sgn vy (T) Sgnxp, 7T
/ A\ / N\ 2

Bri(a) =+ Bry(n)  Bria) = Br(n)  Bry(a) -+ Bry(n)
Fig. 4. Scheme Concept ER (Br,(y) is the labeled or unla-
beled branch Br,.()), generated by Stry_, )

Strxr, »

/ AN

Int(L* x4 L") IntG LT x L")
| |

Ext(L* x4 L") Ext(; LT x L")

AN /

sen, , (T)
/ AN

Br,(a) Bry(n)

Fig. 5. Specification and complication of the Scheme
Concept ER.

Branch Br(y) with attributed o, , = o4’ U s,
will be denoted by Br(X)LAx’y and called the labeled

branch: sgn, Br(y) = Br())|A4, ,, where y € E.

X,y

A tree sgn(7) will be called labeled if it consists of
branches such that some of them are labeled, i.e.,
there are sgn, ,Br(y).

Through sgn Br(y) we denote the branch Br(y)
such that it is labeled or unlabeled.

We obtain the following scheme of the procedural
concept “set of empirical regularities” Concept

ER = (IntER, PrintER, ExtER): (Fig. 4).

The scheme Concept ER should be complicated by
representing it as a concept that has /nf and Ext for
p.i.r.-1 (induction) and p.i.r.-2 (analogy), forming a
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JSM reasoning with 5“,(9(1))) and p°(p), where
o=+, —.

Since p.i.r.-2 is determined by the results of apply-
ing p.i.r.-1, we supplement the Scheme Concept ER
with a simplification by adding only Ext and Int for
p.i.r.-1 (inductive inference rules) [13].

In [13], distributive lattices for p.i.r.-1 (/ )i , were
considered, where 6 = +, —, 0, 7. Since for definition
of empirical regularities it is enough to use (/ )‘;} , with
6 = +, —, then for their representation we will use
Int(L* x 1 L7), Ext(L* x 7 L7) and Int(H L" x L7),
Ext( L*x L™), respectively. Then, we add the follow-
ing constructions for Str, ,, , to the Scheme Concept
ER,where r=1, ..., p (Fig. 5).

We note that the corresponding Int and Ext of
p.i.r.-1 are distributive lattices [13].

Concept ER consists of:

content  InER  ER={A7 A, AL AT U

{Ag_ Ay AL AL }, ordering content through E =
(E, 3), where E = {a, b, ..., m, n} is a set of types of

empirical regularities; constructivization [3] IntER —

Pr]ntﬁ = {sgnxI (T ),...,sgnxpyp(T )} forall Str, , from

Str: extensional ExtER,, -

Uo7} v (U, A0 i),

ExtER ={ExtER,, | Str,, € Str}.

Thus, procedural concepts consist of intensional
(content, its ordering and constructivization) and
extensional generated by constructivization of inten-
sional. This structure of procedural concepts is subor-
dinated to the main principle of semiotics: the exten-
sional is the function of the intensional [36].

Remark 12-4. PrIntﬁ is a partially ordered set,
the partial order of which is generated by the partial

order on Str [6].

Thus, the structure of Concept ER has two partial
orders, that is, for a set of types of regularities £ and for

the set Str.

Remark 13-4. The extension of the “set of empiri-
cal regularities” concept is represented by empirical
nomological statements with modal operators, since

A (C',Q) is O, A°(C',Q), where y, € {b,d,f, h},
A4, (C',0) is0, A7 (C',Q), where ¥, € {a,c,e,g}.

Similarly, A} and A7 are representable through <,

and ¢, ; and A7 and A are representable through

X4
V... V,., respectively.
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Since pairs (C', Q) “cause—effect” form Ext ER, if
they realize ICF, then for the initial data of the JSM
research [1, 2], the number of possible empirical regu-

larities A, =m0(2rU —1), is definable, where m, =
+

@O and n=(J_fvni4en)) o

(U {(V, V)| AWV, Y )})‘ takes the fact into account

xef’
that the effect can have many causes V/, ..., V.

We now define possible varieties of JSM research
using the ExtER specification using the Scheme Con-
cept ER.

We say that the branch Br()) of the Tree sgn(7) is
dry if it is unlabeled. Then, 7 itself is formed by dry
Br(y), if it consists only of dry branches.

Df. 18-4. Definition of ExtER specifications.

(1) A Tree sgn(T) will be called healthy if it does not
have dry branches.

(2) A labeled Tree sgn(T) will be called sick if it has
dry branches.

(3) A set of trees corresponding to PrintE , 1.e.,
generated by application of /CF for HPW , is called a

forest formed by sgn(7") for all Sz, ,, from Str.

(4) A forest is called complete if for each Str, e SE,
there is a labeled tree sgn, , (T'), where 1 <r<p.

(5) A complete forest is called thick if it consists
only of healthy trees.

(6) A thick forest is called impenetrable if the
branches sgn((x), 1 <r<p, of all its trees are generated
by ICF according to Proposal 2-2, that is, they are
labeled with a nonsingular set of “cause—effect” pairs.

According to the Scheme Concept ER and Df. 18-4,
IntER has the variety of ExtER corresponding to the
forest species generated by Pr IntER. Specific ExtERs

will be called exemplifications of /nfER. These exem-
plifications differ in the content of intensionality, the
presence or absence of dry branches, and the singular-
ity or nonsingularity of labeled branches. Exemplifica-

tions of Intﬁ for the conducted JSM research form a

domain modeling by E, HPW wm ICF for the initial
data of the JSM research.

The last step in the application of the ASSR JSM
method is JSM research [1, 2], whose purpose is the
formation and expansion of quasi-axiomatic theories
(QATs) [2, 4, 12]. QATs are a means of representing
knowledge and their organization in the knowledge
bases of intelligent systems that perform the ASSR
JSM method.

QATs are open theories with expandable arrays of
facts FB(p), where p = 0, 1, ..., s, logical means of
which are JSM reasoning used in JSM research.
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QATs are defined for fixed strategies of JSM rea-
soning Str, ,, from the set Str of set strategies.

Str, ,, are formed by JSM operators 5X’y(£2( p)) and
functions of abductive hypothesis acceptance p*(p)
and p~(p). 5x’y(Q( p)) carry out sequential application
of p.i.r.-1 (o) (inductive inference rules) and p.i.r.-2
(inference rules by analogy), which are (/ )‘;’y and

(I)%,, where 6 = +, —, 0, 1,

(D)., = {5, (D7, (D2, (D5, ]
(D)., ={Uun;,.dn;,.an,.(an;,},

where (1), ,(Q(p)) = A, ,(p), 0, ,(Qp)) = Q. ,(p).

We note that p.i.r.-2 uses the results of applying
p.ir-1, and O,,(€(p)), p*(P), p~(P), .., O, ,(€Xs))
completes the JSM reasoning.

In 5)(, ,(€2(s)), pT(s), p~(s) the procedure of abduc-
tive hypothesis acceptance by p°(s) is realized if
p°(s) = p°, where p° is the given threshold.

The heuristic of the ASSR JSM method formalizes
the minimization of randomness in the expansion of
the FB(p) by using the histories of possible worlds
HPWQ(@p,h),h=1, ..., (s + 1)!

The Basis of QAT fsx,y(p) for Str, , and FB(p) will

be called 3, ,(p) = (Z,Q(p, h),R), where X is an open
set of axioms containing descriptive axioms, axioms of
data structures, procedural axioms representing p.i.r.-1
and p.i.r.-2 declaratively, axioms characterizing JSM
reasoning (for example, CCA®° or (3°), where 6 =+, —)
and updated empirical regularities, that is, realizations
of JCF. R is a set of plausible inference rules (p.i.r.-1,
p.i.r.-2) and the rules of deductive inference.

QAT is defined by the JSM closure of the basis
[S.,(p,M], where [3, (p,M]= (XQ,,(p,h) U
A, (p, ), R), 0., xp,h) =Q, (p,h),

(D5, (Qp,h) = A, ,(p,h) forp =0, 1, ..., 5, values of
hare HPW,, wherer=1, ..., (s + 1)L

The histories of possible worlds HPW, will be rep-
resented by their numbers r=1, ..., (s + 1)\

[3..,(p, )] is determined by applying the JSM rea-
soning to (p, h) before stabilization, when the appli-
cation of p.i.r.-1 does not generate new hypotheses,

and p°(s) > p°, where 6 = +, —.

We consider f&x,y(p, h) =13, ,(p,h)]for0<p<sand
all h from HPW:

S., = {3.,@n|(1<p<s)&(he HPW)).

3,, generates G, = (Ux€E+{<V, )| A4, Y)}) U
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Table 5. Reasoning quality assessment scale

) DR | Swm, | EL ET | WET

ly
a b c -
mo p p

(Uer, vy 4,0y )}), where A’ (V,Y) are reali-
zations of ICF for values (C',Q)" of pairs (V, ).

Then (C',0)° € G, where 6 = +, —. Therefore,
An(h) J iy uyH>(C', 0,5, h), where v = 1, —1, giving rise

to A)(C',Q) — realization of ICF from /CF .
Thus, the set G, , for Str, ,, has one-to-one corre-

spondence with X, that is, the set RICF of all realiza-
tions of ICF .

Then, we define E as the closureS, .

Df.19-4. E-closure of the set 3, will be called
[Sayle =(XUEeQ,, G, +D) VA, ,G,G +D),R),
where p°(s5,(s +1)!) 2 p°, 6 =+, —, Tis the set of all
A,(C',Q), corresponding to G, , where y € E.

Obviously, the set of all E-closures 3, for
Str, , € Str 3 = {IS,,Ie} l(xe I") & (ye ")} is an
extensional ExtER generated by Intﬁ.

Thus, for the strategy of JSM reasoning Str, ,, we
obtain a scheme of JSM research:

10‘ QO(Oa 1)’ Q(la 1)’ cres Q(S, 1))

QO,1HcQ(, 1) c...cQs, 1);

20. Q%0, 1), Q%0, 1) = Q%p, h) for all p and A,
where 0<p<s, he HPW

30 HPW , HPW\ =+

49, St

5% ICF

60'[Sx,y]E

Sy = {[Sx,y]E l(xe I & (ye I_} represents the
result of JSM research containing a set of empirical

nomological statements of the form A; (C',0), where

x € E,0 =+,—, to which ExtER corresponds, repre-
sented in the Scheme Concept ER through branches

B, (x), where 1 <r<p.

In [6], two scales for assessing the quality of reason-
ing and hypotheses were formulated necessary for
accepting the results of a JSM research. Through m,
and [, |Q2%(0)| and the set and number of correct pre-
dictions of the studied effect were denoted. m, =/, +
a+ b+ c,where a, b, cis the type and number of pre-
diction errors such that “a” is the type of erroneous
predictions “1” instead of “—1 ” or “—1 ” instead of
“1,” “b” is the type of erroneous predictions “0”
(actual contradiction) instead of “1” or “—1 ”; and “¢”
is the type of erroneous predictions T (uncertainties)
instead of “1” or “—1 ” (that is, rejection of predic-

tions). By b in [6], the degree of reliability of predic-

my
tions in the JSM research was indicated. In Tables 5
and 6, we give the mentioned scales.

Scales (*) and (**) are a means of accepting the
results of JSM research. They can be expanded and
enriched by the Scheme Concept ER, Definitions
Df18-4, Df.19-4 and further formulated Df.20-4.

Df.20-4. JSM research will be called consistent if
there is a strategy of JSM reasoning Str, , such that the
E-closure 3, , is nonempty: «([3, ]z = @); a JSM
research will be called acceptable if there is a strategy
Str,.,such that «([3, 1, = @) and [,> my— (a + b +c);
a JSM research will be called fruitful if, for each of the
m, elements of €2%(0) there exists a strategy Str, , such

that its results belong to [3, 1, and [, = m,,.

The type of forest obtained for ExtER and Df.20-4
is informatively characterized by JSM research,
enriching the scales (*) and (**). It seems useful to
compile and compare the results of JSM research
using enriched scales (¥) and (**) for both various
domains and for ongoing JSM research presented in
the generated open QAT.

In [1, 2], an abduction inference was determined
that performs abduction of the second kind for each of
the modalities M, (M, is O,, ©,, V,), where x € £ =
{a, b, ..., m, n}.

We consider the case for 0, 0, 4, (C', Q):

0,VZ((L5(C',0,5,h) & P(Z,5,h) & (C' c Z)) — LI (Z,0,5,h))

YZ(C' < Z) — VerlL](Z,0,5,h)] = 1)

0,L5(C',0,5,h)
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Table 6. Hypothesis quality assessment scale
(+) | DR Sy | v | k| EL ET WET | Hy(V, Y,p, h) | H(Z, Y, p, h)
EXPLANATORY NOTE: v = (v,n), where v € {1,—1,0}; k is the number of examples that generated a hypothesis, H,, H; are the predi-

cates for hypotheses about causes and hypotheses about predictions, respectively; pJr and p~ are the functions of the degree of abductive
acceptance of hypotheses; and RD denotes two possible variants for applying plausible inference rules (p.i.r.-1 and p.i.r.-2) using the

isomorphism p.i.r.—l(G), where 6 = +, —, 0, T, or without it [6].

Ver[lA,l+ (Z,0,5,h)] is the function of verification of
predictions, which performs correspondent truth,
establishing compliance with the available fact; and

V[A;(C',Q] = t in MJL by virtue of Proposal 1-2.

Similar rules of inductive inference are formulated
for other modalities of Mx-

Thus, the modal operators M, , where x € E, from
implicative statements, where 1 <j < 6, are ported to
the antecedent provided that the consequent of the

implication in Af is verified. The proposed formaliza-
tion of abduction of the second kind in the ASSR JSM
method is a refinement of the idea of C.S. Pierce about

abduction from his famous text [15] 13, as the amplia-
tive inference rules [37].

We note that the causal completeness axioms
CCA©®, where 6 = +, —, and the functions p°(p) are a
refinement of the idea of C.S. Pierce about abduction
as a means of accepting the generated hypotheses [16].
Earlier, using CCA® and p°(p), abduction of the first
kind was determined, which, as a component of the
JSM reasoning, is used to apply abduction of the sec-
ond kind. The interaction of the two abductions con-
sists in the fact that semi-hypotheses about causes and
semi-hypotheses about predictions are accepted
through abduction of the first kind, and hypotheses
about reasons and hypotheses about predictions with
modal operators M, that express the modal degree of
validity of hypotheses by partial order relations 3 on
the set £={a, b, ..., m, n}, where x € E, are generated
through abduction of the second kind.

The status of hypotheses is based on minimizing
the randomness of extensions in the histories of possi-

ble worlds for all their sets HPW . Thus, the problem
of determining physical (nonlogical) modalities is
solved using empirical nomological statements that are
the result of JSM research. The problem of determin-
ing nomological statements using logic, as already
noted, was systematically developed by Hans Reichen-
bach in [30, 31, 38, 39]. We should also mention the
remark of R. Feys [40] on the connection of the idea of
causality and modalities.

In §5 we will begin the study of the family of modal
logics ERA generated by JSM research, the result of
which are empirical regularities and their adoption
through abduction of the second kind. The semantic

Ban interpretation of [15] is available in [18], where the condition
of the best explanation is added.
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foundations of the logic of the ERA family are finite
sets of histories of finite possible worlds. The source of
the appearance of the ERA family logics is the classi-

fication of the intensional Intﬁ, represented by the

Tree T expressing a set of integral causal forcings /ICF,
by which realizations ICF are defined, that is, initial
CF and their descendants. Initial CF and their
descendants define modalities of M, , where y € E, and

E (E, 1) is a partially ordered set with the largest ele-
ment @ and the smallest element #.

5. ERA MODAL LOGICS GENERATED
BY JSM RESEARCH

JSM research is formed by applying the JSM rea-
soning to the sequence of expanded fact bases FB(p, 4),
where p =0, 1, ..., s, such that they correspond to the
sequence of representations of FB(p, #), where h= 1, ...,
(s + 1)!, using elementary formulas J. H, (Z, Y, p, h),
where V¥ =(v, 0), v=1, —1, orv= T and = (1, 0), and
h is a variable for histories of possible worlds HPW),
from the generated set of histories of possible worlds
corresponding to initial HPW,.

Modified operators O (necessity), < (possibility),
V (weak possibility) are defined by integral causal

forcing ICF from the set /CF, corresponding to the

set of all the histories of possible worlds HPW . We
note that this means that the semantics of a finite set of
histories of finite possible worlds constructively gener-

ated are given. Modal operators Dx,’oxrvx:, were

defined by assessments functions V[ M. 0l, where x, =
{ay b: c, da e).ﬁ h}a x2 = {iaja k; l}) XS = {m’ n}'

As for classification of /CF forming the intensional
of the concept of empirical regularities, it is repre-
sented by the Tree 7. However, the modal logics of the
ERA family are “empirical regularities completed by
abduction of the second kind,” considered below, will
correspond to the simplifications of the Tree 7, which
are Trees T; and T, from §3. The question of the possi-
bility of formalizing multimodal logics corresponding
to the Tree T, i.e., to its fourteen branches Br(y), is
open. In this regard, we consider a simpler modal Prop-
ositional logic ERA,, corresponding to the Tree 7.

Trees 7| and T,, presented in §3, characterize a
partially ordered set of modalities, which one-to-one
Vol. 53
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corresponds to the set £ = {a, b, ..., m, n}. T, and T,
generate sets {{1, ¢} and {{J, ©, V}, respectively.

The monotony condition p°(p), taken into account
in Tree T is omitted; histories of possible worlds
HPW, = {Q(0, h), Q, h), ..., Q3U, h), ..., Q(s, h)},
where 0 <i<sand 1 <A< (s+ 1)!, are considered.

Tree vertices 7, (v, v), (T, v) correspond to codes

Cd® =v..vev..v and Cd"® = 1..av..veT..TV...v, for
— ——
q q
branches Br, and Br,, where 1 < g <s + 1. The vertices
of the Tree T, correspond to codes CdV =v..vev...v,

Cdmz’c...’cv...v-”c...tv...v, where 2g < s + 1;
q s+l-q

ca® =T.Ty..Ve T.TVv..v, Where 2g > s + 1, for

q s+l-q

q s+l-q q s+l-q
branches Br,, Br, and Brs;.

We define an estimation function V[Mx(p] for ERA,
formulas with modal operators M, corresponding to

the Tree 7 using ICF from the set /ICF .

Signature ERA,: Propositional variables p, q, r,...,
(which may have lower indices), logical connectives:
-, &, v, =, O, ¢; and auxiliary characters, — ( , ).

The definition of formula ERA, is standard [40, 41].

Axioms ERA,

(O2)Op—p

(©2)op—p

@3)0(p & q) < (Op &Uq)

@40V a9 < Opv )

(©3) (p & q) <> (Op & ©Oq)

() S(pv @ < (OpV Oq)

(—0) —Op = (Op Vv —p)

(=0) =p—> (Ep vV —p)

(OO)oop— Op

(OC) OOp — <p

ooyodp — —p

(C0) OO p— —p

(O0&<) —(Op & Op)

(0 &—) —(Op & —p)

(C&—) =(Op & —p)

(H0—) —O-p

(O—) =O—p

(B8—0) (Cp — —%p)

PoY=(0=>Y) &Y — ),

f=p&qp

= —|f

The two-valued Propositional logic L, is set.

By “F” we denote the provability of the formulas
(F @) and the derivability (¢, ..., @, F V).

Inference rules:

RL @, 0> vk,
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R2. o(p) F (1), O() = J':cp(p) | are substitution

rules;

R3. 00, O(9¢ — v) F Ov;

R4. 00, S(9 — W) F Ow;

RS. o(x) F o(x,), where y <> x, is the rule of
replacement of equivalent formulas.

Proposal 4-5 holds. ERA is controversial.

From (70) we obtain OOp v <p Vv 1p; applying R2 to
OpVv<opyvIpweobtainOlpv Slpyv Tip, dlpv OIpvp,
but OTp < £, OTp < fby virtue of (O7) and (7).

Therefore, applying R5, we obtain /v fv p.

Therefore, p, and therefore any formula ¢ is prov-
able: =@ — ERA, is an absolutely contradictory calculus.

We formulate the ERA, | calculus by restricting the
substitution rule R2 in the’ERAO calculus: R*2 is @(p)

Fo(x) = J.: ¢(p) |, where the formulas y correspond to

monotone Boolean functions from the set M*, where
M* is the set of all superpositions of the set {p & ¢, p v g}:
M= [{p&q,pvq}]istheclosing {p & g, p Vv q}.

The formulas @, which are valid in the ERA logics,
will be denoted by .

Thus, ERA,, is formed by ERA, axioms and infer-
ence rules R1,R*2, R4 and R5.

The logics of the ERA family arise on the basis of
JSM research formed by applying JSM reasoning to

the set of histories of possible worlds HPW . Each
HPW, is a sequence of Q(0, h), Q(1, A), ..., Q(s, h)
such that Q(0, A) c...c Q(s, h),and h=1, ..., (s + 1)

HPW, correspond to three types of codes of empir-
ical laws v...v and T...7v...v, which are codes of empiri-
cal laws and empirical tendencies, respectively, that is,
they form regular codes (v = 1, —1 ); sequences 6,...0,,
where 6,=0, —1, 1, T, other than v...v and 1...Tv...v, are
irregular and represent the absence of empirical regu-

larities, HPW in general form can be represented by ()
so that the terms of the partition can be empty.
(x)HPW = HPW, O HPW U IHPW , where

HPW ., HPW . and I HPW are sets of histories corre-
sponding to empirical laws, empirical tendencies and
their absence (they have irregular codes).

The specific values of the Propositional variables of
the ERA family logics are sequences H,(C',Q, p,, S, h),
H,(C',0,p,,5,h),...., H,(C'",0, p,, 5, h) and their corre-
sponding sequences H(Z,0,p,S, h),
H(Z,0,p,,5,h),..., H(Z,0,p,,5,h), for all Z that

represent causal forcing A°, where 1 <j < 6, for all Z

that represent causal forcing L)(Z,0, p,5,h) from

L5(C',0, p,5,h) for all p and Z, expressed by implica-
tion —, which is representable by codes Cd.
Vol. 53
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Thus, the values of Propositional variables are
sequences represented by statements that express the

LV.,Y,p,s,h)
L (Z,Y, p,s,h). These sequences, in turn, correspond
to regular codes of the type v...v and T...1v...v; and also
irregular codes Cd 0,...9, different from them such that
0, {1,—1, 0, T}, where 1 <i <s. Consequently, a set of
all histories of possible worlds can be represented by

(x)HPW = HPW\ U HPW . U IHPW , where

HPW ., HPW  and I HPW correspond to Cd of types
v...v, T...Tv...v and irregular codes 6,...0..

realizations of predicates and

In accordance with the Tree T of the classification
of empirical regularities, we obtain that the following
assessment functions for Op, Op and Tp and the variable
h with a range of HPW are definable: (1) V[Op] = ¢, if
and only if for all # p takes the value y...v, i.e.

Cd(p, h) = v...v for all HPW; (2) V' [0p] = tif and only

if p takes the value t...1v...v; i.e., there exists h such
%/_/

that Cd(p, h) = 1...tv...v and for all 4, Cd(p, h) are reg-
%,_/

s+1

ular codes, where C;l(p, h) is the value of the variable A
corresponding to HPW,. (3) V[Ip] = ¢ if and only if
there exists 4 such that HPW,, such that Cd(p, h) =
0,...0,, |, where 0,...0, ., , is an irregular code, i.e., the
code Cd such that it is not v...v or T...Tv...v, where v =
1,—1,and 6, {1,—1, 0, t}. Therefore, we can define a
function G(p, h) such that G displays S x HPW in
{Tp, <p, p}, where pe 3, HPW,e HPW ,h=1, ...,
(s+ 1), ie, G:3Ix HPW — {Op, <p, p}.

In this way,

Op, if Cd(p,h) e HPW, for all k;

Op, if there exists A such that

Cd(p,h) e HPW rand for all 4 such that
—~h=h)he HPW, U HPW ;

Tpif there exists h such that

Cd(p,h) € I[HPW .

Obviously, the function G(p, #) represents the Tree 7.
We introduce the metacharacter |= and determine the
truth of the formulas ¢ of the ERA, , logic in the histo-

ries of possible worlds HPW,, where HPW, € HPW ,
and HPW = HPWv O HPW .U IHPW ,
[HPW| = (s +D)!.

1°. HPW, |= p, if and only if Cd(p, h) = v...v or
Cdlp,h)=7..7v..v, wherev=1, —1;

—20. it is not true that HPW, |= f.
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30. HPW, |= —p, if and only if it is not true that
Cd(p, h) = v...v and it is not true that Cd(p, h) =

1...7v...v;i.e. Cd(p, hye THPW .

30 HPW, |= (¢ & ), ifand only if HPW, |= ¢ and
HPW, |=y;

4% HPW, |= (¢ v ), if and only if HPW,, |= ¢ or
HPW,|= y;

5% HPW,|= (¢ — V), if and only if HPW, |= o,
then HPW,, |= ¢;

6°. HPW, |= (¢ < V), ifand only if HPW,, |= ¢, if
and only if HPW), |= y;

7°. HPW, |= ©@, ifand only if Cd(p, h) =v...v forall 4;

8°. HPW,|= ¢, if and only if there exist 4, such
that Cd(p, h;) = T...7v...v and for all such 4 that
Cdp,h) = 1..tv...v or Cd(p, h) = v...v, where

HPW e HPW, U HPW i;

9% HPW,, |= &(¢ v V), if and only if HPW,,|= ©@
or HPW, |= o for all h from HPW ;

10° HPW, |= (¢ v W), if and only if HPW, |= 0@
or HPW, |= Dy for all 4 from HPW ;

11°. HPW,, |= O(9 & ), if and only if HPW),, |= O
and HPW, |= Oy for all 4 from HPW ;

12°. HPW, |= (¢ & ), if and only if HPW,,|= 0@
and HPW,, |= oy for all 4 from HPW .

In case V[Op] =t HPW = HPW,,and HPW = 0O
and [HPW = @. In case V[Op] = ¢
HPW = HPW, U HPW_, HPW.# @ and
ITHPW = @. If V[1p] = ¢, then THPW < HPW and

THPW # @. Hence, IHPW # @ is a necessary and
sufficient condition for the absence of empirical regu-
larities.

Remark 14-5. We formulate an assumption
regarding the interpretation of the iteration of the
modalities O and ¢. We consider the possible cases
<SOp, OOp, OOp and SOp. We take the direction of
adding a modal operator from the variable p to the left
side, which will be represented by the extension of the
corresponding codes Cd(p, h):

(1) OO y.v, T.TV..v =Tp,

= S

(2) OO t.avevy.y=Cp,
\ﬂ__/ D

S

(3) O Lai%i—ﬂp.

(3) OO TLavevt.avey=p.
S S

In (1) we have an irregular resulting Cd, and there-
fore the formula ¢ — Tp is valid (axiom);
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In (©0) according to the definition of HPW), |= Tp,
since v...vT...Tv...v is an irregular Cd.

In (2) we have a regular resultant Cd T...Tv...vv...v,
and therefore the formula OOp — <p is valid.

In (3) we have a regular resulting Cd v...vv...v, and
therefore the formula OOp — Op is valid.

In (4) we have an irregular resulting Cd
T...Tv...vT...Tv...v, and therefore, according to the defi-
nition of HPW),, |= Tp, the formula GOp — Ip is valid.

Lemma 1-5. Axioms of ERA, , are valid.

We have found that (¢O)<S0Op — Tp and (O0)O<Cp —

Ip are valid with respect to HPW .

(O) 1Tp—(<Sp v Tp) and (1) 1Op — (Op v Ip) are
valid, since OOp v <©p v Ipisvalid, that is, the law of the
excluded fourth, which follows from the definition of
the function G(p, 4).

(O02) Op — p is valid by virtue of the definition
HPW,|= Op for all &: Cd(p, h) = v...v.

We note that for the sake of simplicity of recording
Cd(p, h) v...vev..vand T...Tv...v « T...Tv...V, that is, for
regular Cd and 0,...6,,, - W,.. L, wWhile for irregular Cd
we will represent with the types v...v, T...1v...v, 0,...0
corresponding to them.

(dO3) O(p & q) < (Op & Og) is valid, since
Cd(p & gq) = v...v is equivalent to Cd(p) = v...v and
Cd(q) =v...v.

(04) d(p v q) <> (dp v Og) is valid, since Cd(p v
q) = v...vis equivalent to Cd(p) = v...vor Cd(q) = v...v.

(©2) ¢(p & q) & (Op & Og) is valid since
Cdlp & q) =T...7v...v, and (p & q) <> (q & p), there-
fore, if Cd(p) = t...7v...v and Cd(q) = v...v, we obtain
Cdp & g)=r1..tv..vww...v,but Cd(p & q) = v...vT...TV...V,
that is, irregular Cd. Therefore Cd(p) = Cd(q) =

T...tv...v for all h such that HPW € HPW, U HPW ..

(€©3) C(p v q) < (Op v Ogq) is valid by virtue of
validity of p — (Op v ©p) and condition 9° from the
definition of the truth of the formulas ¢ of the ERA, ,
logic: HPW,|= <(o v V) if and only if HPW,,|= <@ or
HPW,|= <o for all A from HPW .

(O &1 (Op & Tp) — fis valid since V [Op] = ¢ if
and only if Cd(p, #) = v...v for all # and V]Tp] =t if
and only if there exists h such that Cd(p, h) = 6,...0,,,,
where 0,...0,,, is an irregular code corresponding to

IHPW (IHPW N HPW, = Q).

Similarly, the validity of (C & 1) (Op & Tp) <> fis
established. (O7) OTp — f'is valid since V[O@] = ¢, if
and only if for all # HPW,,|= ¢, HPW, € HPW ; and
VI p] =t, if and only if Cd(p, h) is an irregular code and
there exists h such that Cd(p, h) corresponds to an ele-
ment from IHPW (IHPW N HPW , = Q).

Similarly, the validity of (& & 1) OIp — fis estab-
lished. (¢) Op — pis valid since V[Op] = tif HPW,,|=p
for all 4 such that Cd(p, h) = 1...Tv...v.

s+1
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(OO) Odp — Op is valid, since Cd(O0Op) = v...vv...v
implies Cd(Op) = v...v.

(O0) O0p — <p is valid, since Cd(OCp) =
T...Tv...vv...vimplies Cd(Op) = T...Tv...V.

Obviously, (O—<) is valid.

Lemma 1-5 is proved: all axioms of ERA,, are
valid.

There is also a lemma on the correctness of the
ERA,, inference rules.

Lemma 2-5. The inference rules R1, R*2, R3, R4,
and R5 of the ERA, ;logic remain valid: if the parcels

of the rules are valid, then their consequences are
valid.

Formula ¢ is valid in ERA,, if and only if V[@] = ¢
for all assessments V.

For valid formulas, we introduce the notation |=@.

Rule R1 preserves the validity of the corollary y:
from |[=@ and |[=(¢ — ) it follows that |=y.

Rule R3S, that is, replacement of equivalent formu-
las o(x) & W,y <> x F o) <> v preserves the
validity of @(y,) <> y after replacing some occur-
rences ¥ in @() by ;. By induction on the complexity
of the formulas it can be shown that V[o(p,,..., p,] =
oVipl,...,VIip,]), from where the validity of
o(x,;) <> v follows by virtue of validity of ¢(x,) <> ¥
and y < ;-

We show that the rule R*2 also preserves the valid-
ity of formulas. To do this, it suffices to prove that the
substitution of p v ¢, p & g, in axioms, ERA,, pre-
serves their validity.

Remark 15-5. The substitution rule R*2 allows
substituting into formulas ¢ only % such that
xe M*={[p &q, pv q}]. This means that the range

of y is HPW,, where HPW,e HPW , and the range of
Op, <Op and Tp is a partition HPW =,
HPW, U HPW U IHPW suchthat HPW ,, HPW «,

THPW are the ranges for Op, Op and Tp, respectively,
which correspond to empirical regularities (Op, Op)
and their absence (Tp). Op, Op and Tp themselves can-
not be substituted.

We consider ((02) 0Op — p. R*2 j (02) |=

Op&q) » (p & q), O@p & q) < (Dp & Og),
(Op & Oq) — (p & q), since RS and two-valued Prop-
ositional logic were used. Therefore, by virtue of the
validity of Op > pand Og — ¢, O(p & q) — (p & q) is
valid.

The validity of (04) O(p v q) — (p Vv q) is proved
similarly, as well as the validity of O(p & ¢)—(p & q)
and O(p v q@)—(p v q) for (¢2).

We consider (003) 0(p & ¢)<>(Op&0q). j (03)
I=0((p & q) & q) < (O@p & q) & Og), D((D&Q)&Q)H
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Op & q), O(p & ) <> (Op & Og), but (O(p & ¢) & Tgq) <>
((Op & Og) & Og), hence, (O(p & q) & Og) <> O(p & q)
by virtue of RS, therefore, O((p & q9) & q9) > (O(p & q) &
Ogq) is valid by virtue of the validity of O(p & ¢q) <>
(Op & Ogq).

. p&q
We consider L @3) |= 0((p v ¢ & q) <

@OV g &Oq),O((pVvq) &q)<>Ug,as(pV q) & q) <>
g, and (O(p v q) & Ogq) <> (Op v Ogq) & Ogq) by virtue
of R5; but ((Op v Og) & Og) <> 0Oq, therefore,
O((p Vv q) & q) < (O(p v q) & Og) is valid.

&
The validity of the results of substitution j" ! (o4,
p

&

Ip ! (04)|, as well as the validity of the substitution in
p

(©3) and (<©4) is proved similarly.

) p&q
We consider (— 0) — Op— (Cp v —p), L (—0)

=-0p&q)—> (Cp&qVv—(p&q).

(=Op—=> (Opv —p) > Opvopy—p),pe (Cpv
Op), asOp — p, Op — p, then (Op v Op) — p; but by
virtue of — Op — (Op v —p) we have —p v Op v Op,
therefore, p — (Op v Op), hence, p <> (Op v Op). (Ap v
Opv —p) > (Opv Op v (—Op & —Op)), (Op v Op v
(—Op & —Op)) & (Op v —Op v Op) & (Op v —Op v
Op), but (Op v —Op) <> ¢, (Op v —Op) <> ¢, therefore,
O@ &g v -Op&qVvop&q)&(©p&q vV
—O(p & q)vOp&q)) <t

Hence, —0O(p & q) = (C(p & q) v —(p & q)) is
valid.

Similarly, we show that — O(p v ¢)— (C(p v q) v
—(p v q)) and the results of substitution of p & ¢ and
pV qinto (—<) are valid.

. p&yq
We consider (OO) OO p — Op, show that I
p

(0D) = 00(p & ¢)—0(p & ¢) is a valid formula.

O0(p & q) <> O(Op&dq) by virtue of (O3) and RS,
O(Op&dq) «» (OOp&OOq) by virtue of (O3) and RS;
but O0Op — Op, OOq — Oq according to (OJO), there-
fore, OO(p & q)—0O(p & g) is valid.

&
We show that the result IP q(DD) = Oo@p v
P

q)—0O(p v q) is valid.

We consider OO(p v ¢), Od(p v q) — O(Op v Og)
by virtue of (04) and R5; but O(Op v Og) <> (OOp v
OOq) also by virtue (O04) and R5. As O0Op — Op and
O0Og — Ogq according to (OO), then (OOp v OOg) —
(Op v Og), (p v Og) < O v q) (O4). Hence,
OO0 v q) — O(p v q) is valid.

We consider (O<¢). OCp — <p; show that the result

&
I " (00) = 00 & g) — (0 & g) is a valid formula.

p

O0(p & q) <> O(Op & ©q) [(©3), R5], O(Op & ©q) <>
(OC0p & O0¢)[(O3), RS], OCp — Op, OOCqg — <q
[(OO)]; (OC0p & OCg) — (Op & ©q) by virtue of the
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two-valued Propositional logic, but O(p & g) <> (Op &
q) [(©3)], hence O (p & q) — O(p & ¢q) is a valid for-
mula.

We also show that the result j (oo) =

OC(p v q) = <O(p v g) is a valid formula. D<>(p Vv Qq) &
Op v <) [(©4), RS5], O(Cp v &q) & (OCp v
O0g)[(T4), R3], O0p — Op, 00q — Oq [(TO)]; (OOp v
0Cg) — (Op & ©q) by virtue of the two-valued Prop-
ositional logic, but ¢(p v q) <& (Op v <q) [(©3)],
hence OC(p v q) = <(p v q) is a valid formula.

Next, we show that the result J. (o) |=
SO(p & q) = —(p & q) is avalid formula. We consider

[ 00 = 000 & 0 > 0 & 0), 900 & 9 -

—-(p & @), but SO(p & q) <> S(Op & Og) [(O3), RS].
We have ¢Op — —p, OOg — —¢q [(¢0O)]; then (COp &
&0gq) — (—p & —q) by virtue of the two-valued Prop-
ositional logic, but (—p & —¢q) — (—p v —q), and
(—p v —q) & —(p & q), and therefore OO(p & q) —
—(p & g) is a valid formula.

&
We consider J': q(<>D) =oO@yvq) — —(V Q).

According to the semantics of the histories of pos-
sible worlds, we have three possibilities for assessing
SO(p v q) according to the law of the excluded fourth.

(5) Cd (o O (p v g) =v...v is impossible since <
generates the end of the code Cd 1...T v...0

(6) Cd (¢ O(pVg))=1...Tv...0is impossible since
the beginning of Cd is v...

(7) Therefore, only the irregular code Cd is possi-
ble, and therefore we have —(p Vv ¢q).

Consequently, ¢O(p v q) implies —(p v ¢), and
therefore CO(p v g) = —(p Vv ¢q) is a valid formula.

The validity of (¢©) &Op — —p is established sim-
ilarly.

We consider (O & <), —=(Op & <p) and J (O0&

O)[FE ~(Op & q) & O(p & q)), D(p&Q)&O(p&Q)H
(Op &q) & (Op & Oq) & (Op & Op) & (Og & Oq) &
f&fe f,as (Op & Op) & f, (Og & ©q) < f, hence
~O@&q) &Op & q)) & —f, fort

In addition to syntactic proof of validity of I (O&

<) |, a simple proof of the validity of this formula is pos-
sible by establishing the inconsistencies of Cd(Cp) and
Cd(<p) using the semantics of the history of possible
worlds.

We consider j””’(m & ©) = ~Op v ¢ &

S(p v q)), CdO(p qu) =v..v, Cdo(p v @) = T...TV...V,
hence, (O(p Vv q) & O(p v q)) <> fand ~(Op Vv q) &
O(pvg) ot
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We establish the validity of the formulas (O & —)
and (¢ & —). (O & —): —=(Op & —p), consider the for-
mula p <> (Op v Op), it is obvious that it is provable in
ERA, ;. Its provability follows from (O02) Op — p; ($2)
Op — pand (—O) —Op — (Op v —p), since - (O p v
Op)y - p)and - (—p v Op v Op) then H(p <> (Op v
©p)). From H(p <> (Op v Op)) we obtain H(—p <
(—Op & —<p)). Applying R5 to (O & —) and (—p <
(—0Op & —Op)), we obtain —(Op & (—Op & —Op)) <> —f.

pva L pvq
It follows that I (O & —)|and similarly I (O0& —)|
V4 p

are valid.
As O—p < fand O—p & f then validity of

&g v Vg
Mo [T el and [ Moo
holds for the results of substltutlons in —O0—p and
—O—p, respectively.

The validity of the results of substituting p & ¢ and
pV g into the axioms of ERA, | is an induction basis for
the complexity of formulas ¢ such that o € M*=[{p v
q, p & gq}], which proves the correctness of the substi-
tution rule R*2.

The inference rules R3 0@, O(¢ — v) FOy R4 ¢,
O(@ — Y)EOwy also preserve the validity of the conse-
quences if the parcels are valid, which follows from the
definition of the assessment function for OO0, ¢ and —.

Lemma 2-5 is proved.

Lemma 1-5 and Lemma 2-5 imply

Proposal 5-5. The ERA,; calculus is consistent.

We give some theorems of ERA ;:

1L.Opv<opy —p

2.p< (@pvop)

3.(Op&q)< (Op&Og) v (Op & <q)

4. (Op & q) > (Op & Oq) v (Op & Tgq)

5. (0pvq)< (OpvOgv<q)

6. (Opvq) e (OpvOgv Oq)

7.pNV P

Remark 16-5. Some amplifications to ERA,, are
possible by adding the axioms (0JO,;) Op — OOp and

(&) Op — OOp, which belong, respectively, to the
modal logics S4 and S5 [40, 41].

It can be shown that (OO;) and (<) are valid in the

semantics of a finite set of histories HPW of finite
possible worlds, and also that for the corresponding
extensions ERA,, ERAy,. = ERA,, and Op — O0p,
ERAy, s = ERAy, and Op — OOp, ERA 145 = ERA,
and Op — OOp, Op — OOp there is an analogue of
Proposal 5-5: these calculi are consistent.

The ERA,, logic only partially imitates the JSM
research by propositional means in accordance with
the semantics of possible worlds from HPW , using the
operators [0 and ¢ that correspond to empirical regular-
ities, that is, empirical laws and trends. ERA,, does not
represent abduction of the second kind, which is for-
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mulated taking into account two theories of truth [24]:
correspondent [25, 26] and coherent [23].

In order to display and simulate propositional
methods, JSM research completed with abductive
inference of the second kind, we extend the ERA,,
logic using the TM fragment formulated below, which
uses the operator 7: “it is true that....” The operator 7'
was introduced by G.H. von Wright for the three logics
of truth, that is, 7L, T'L and T"L, respectively [42].
The proposed TM fragment containing the operator T’
extends the logic ERA,, to ERA,, where ERA, is
ERA,; with the addition of TM, formulated below.

ERA, logic.

Alphabet: p, g, r, ...,

Formula definition:

1) p, g, r are formulas;

2) if @ is a formula, then 1¢ is a formula;

3) if @, y are formulas, then (¢ & W), (¢ Vv V),
(¢ — ) are formulas;

4) if ¢ is a formula, then O@, ¢ are formulas;

5) if ¢ is a formula, then 7 is a formula;

6) there are no other formulas.

There are axioms and inference rules of ERA ;.

Additional rule for TM fragment: R;l. Teo,
T(p—>y) - Ty.

TM fragment.

Axioms T1-T12:

Al.Tpv —Tp

A2. T—pv —=T—p

A3.Tp—p

A4. T—p— —p

A5, T(p®' & ¢°%) < (Ip°' & Tg°%), where

5 pifo=1

B {ﬁp, ife=0’

A6. T(p°' v ¢°%) < (Tp°' v Tg°?)

A7. TOp < (Op & Tp)

A8. TOp & (Op & Tp)

A9. (Tp > Tg) > T(p — q)

Al0. (O — q) & Tg) — Op)

All ((C(p — q) & Tq) = Op)

Derived inference rule: d(p — q), Tg HOp.

Obviously, the axioms A10 and All are important,
representing the principle of abductive inference of the
second kind. They correspond to the generation of
empirical regularities, that is, empirical laws (with O)
and empirical tendencies (with <).

The ERA, semantics is formed by the set HPW
and a set Tr, where Tr is an open set of true formulas
Tp and T—p.

1’ &’ V’ %9 D’ <>’ 7—;(5 )'

The set HPW is used to determine the assessment
function V][] for a coherent theory of truth [23], and
the set Tr is used to determine V][] for the correspon-
Vol. 53
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dent theory of truth [25, 26]. V]| Tp] = ¢, if and only if
Tp € Tr.

TM is consistent with respect to semantics with

HPW and Tr.

The following ERA, theorems are obvious: —p —
—Ip,p > —T—p, T0p —p, —p— —~T0p, TOp - p,
—p — —Tp.

Using the derived inference rule O(p — ¢q), Tg +Op
and the deduction theorem, we obtain the statement
Tg+=0O@ — g9)— (Op — Og).

We note that the modal system of G.H. von
Wright M [40, 41, 43] contains the axioms Op — p
and O(p — ¢) —>(Op — Og) and the inference rule

¢ F O, where @ is the tautology of two-valued logic
that does not hold in ERA,.

ERA, with modal operators [ and < corresponds to
the Tree T}, which represents simplified empirical reg-
ularities. The Tree T, represents a variant of modal
logic of the ERA type with modal operators O, ¢, and
V, where V is the weak possibility operator corre-
sponding to the condition 2g = s + 1 for codes of
empirical tendencies.

CONCLUDING REMARKS

The JSM method of automated research support is
an artificial intelligence method, which is an area of
research such that their objective is to imitate and
enhance the cognitive process and rational human
behavior through computer systems. Therefore, clari-
fication of the terms “method” and “research,” “cog-
nitive process,” “computer system” is needed.

By method we mean a set of principles and proce-
dures such that their application forms a research, the
result of which is to obtain new knowledge used in the
formation of an open theory (quasi-axiomatic theory
according to the ASSR JSM method).

By research we mean the solution of problems
using a method expressed in a language that has
descriptive and argumentative functions [44], such that
the application of the method generates empirical reg-
ularities, and its results concede falsification [44].

By cognitive process we mean the process of knowl-
edge discovery such that it is formed by the analysis of
data (facts), prediction and acceptance of research
results using the explanation of these results.

By computer system, which is a product of artificial
intelligence, we mean: (1) software systems perform-
ing some procedures from the arsenal of Al (for exam-
ple, decision trees, neural networks, etc.); we will call
them artificial intelligence systems; (2) intelligent sys-
tems (ISs) that have the following architecture: fact
bases and knowledge bases, a Problem Solver and a
comfortable interface, where a Problem Solver = Rea-
soner + Calculator + Synthesizer, moreover, IS per-
forms basic intellectual abilities [ 11] (including: recog-
nition of essential parameters in the data, reasoning
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and synthesis of cognitive procedures, argumentation,
training, reflection, integration of knowledge, etc.).

Operation of intelligent systems goes in two modes,
that is, automatic and interactive, which perform an
intelligent process formed by imitating and enhancing
the thought process and supporting the cognitive pro-
cess, which requires expanding the facts bases FB(p)
and finding stable regularities in them, that is, empir-
ical regularities (sets ER = EL v ET U WET in the
ASSR JSM method). Rational behavior is imitated
through the logic of argumentation [29].

Finally, once again, by method we mean the orga-
nization of concepts, principles and procedures, the
use of which is a means of obtaining new knowledge
including empirical regularities.

The method is both a means of forming a theory and
its implementation; it may contain heuristics [1, 2],
which apply plausible reasoning to the initial data. The
described idea of the method involves the use of empir-
ical data, and, therefore, refers to open theories.

The idea of “knowledge in a computer system” is
defined as follows:

(1) Zero-level knowledge (Knowledge,): elements
of the facts base FB(p), where the fact is represented
by elementary statements with attributed truth values
(“1” istrue, “—1” is false, and “t” is uncertain);

(2) First-level knowledge (Knowledge,): logical
combinations of knowledge of the zero level;

(3) Second-level Knowledge (Knowledge,): repre-
sentation of procedures (procedural knowledge) and
hypotheses obtained by applying procedures;

(4) Third-level knowledge (Knowledge;): axioms
of quasi-axiomatic theories (QAT) are descriptive axi-
oms and axioms of data structure;

(5) Fourth-level knowledge (Knowledge,), discov-
ered empirical regularities corresponding to the inten-
sional ER and represented by its extensional, forming

some forest through a set of strategies Str and ICF are
sets of integral causal forcings that generate empirical

nomological statements (ENS) A;: (C', Q), where y €
E={a,b,...,m n},andc =+, —.

We note that IS performs an intellectual process,
which is the interaction of imitation and amplification
of the thought process, formalized by the synthesis of
cognitive procedures (induction + analogy + abduc-
tion, i.e., JSM reasoning), and the cognitive process of
detecting empirical regularities corresponding to ER,
which means knowledge discovery, replenishing the
knowledge base of intelligent systems.

Thus, the JSM method is an automated research
support using heuristics [1, 2] formed by JSM reasoning
and ENS detection procedures. Let us note to the prin-
ciple of accepting the results of the JSM research using
two scales for assessing the quality of reasoning and
hypotheses, using which the nondeterioration of the
Vol. 53
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characteristics presented in these scales is controlled
with a continuous expansion of the fact bases [6].

In the Appendices, we clarify and supplement the
statements of this conclusion.
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APPENDIX

1. Abduction of the second kind can be formulated
in the following equivalent way using parcels (1), (2)
and (3):

1) A;(C’, 0), where x € E;

(2) MY NZ9pVh3n (J, wHA(C', O, p, h)
=S Z, O, p, h));

G)VZ(C' © 2) = VetlJ oy H(Z, 0,5, 1) = 1);

DMy Vp¥han J, ,Hy(C", Q, p, h),

where M, is0l,, &, and V, andy € E={a,b, ..., m, n}.

We note that parcels (1) and (2) have truth values
according to the coherent theory of truth, and parcel (3)
uses the correspondent theory of truth. Therefore, cor-
ollary (4) is obtained according to the interaction of two
theories of truth.

We also note that (2) is a consequence of (1), and the
ERA, derived rule is M, (p — q), Tqg = M,p is a proposi-
tional imitation of abduction of the second kind.

2. In [1, 2], the principle of the modal trace
M\M,...M, was formulated, generated by the continu-
ation of the sequence of nested FB(p) and the forma-
tion of the corresponding sequence of histories of pos-

sible worlds HPW, HPW »,..., HPW \, which corre-
spond to modalities M|, M,,..., M,.

Since the modal operators M, corresponding to the

Tree T and the set of integral causal forcings /CF are
partially ordered, then the sequence M, M,, ..., M,
will be called regularif M\, C M,C ...C M, _, C M,.

The sequences of M, -operators corresponding to
Str,., will be denoted by M (x, ). Obviously, the set of
all M (x, y), corresponding to the set Str of all strate-
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gies of JSM reasoning Str, , [13], can be ordered as fol-
lows: M, (x,, y,) 2 M,(x,, y,), ifand only if M" 2 M®
fori=1, ..., kand (x;, y,) = {(x,, y,) [13], where M[ﬂ) and
M,-(z) are modal sequence operators 1\7[1(x1, y;) and
M, (x5, ¥,), respectively.

Let M be the set of all sequences of M, -operators;

then in M there exist the largest and the smallest ele-
ments.

We now state the principle of a successful modal
trace:

the modal trace is successful for k-histories of pos-
sible worlds HPW that are sequentially expandable and
generate HPW , if there is a strategy of JSM reasoning

Str,., such that the corresponding sequence M(x, y)

obtained by an acceptable JSM research according to
the definition Df.20-4.

A propositional imitation of a successful JSM
research is the nonfinite S4 and S5 similar ERA,
amplifications by adding the axioms Op — OO...0p
and Op — 0O0O...0,Op for all £ that correspond to regu-
lar Cd codes of empirical regularities.

3. We now state the conditions for an ideal JSM
research.

(1) There exists Str, , such that the condition holds:
if Q(p) < Q(g), then O, ,(Q(p)) < O, (). Then,
the JSM operator 5)@ ,(Q(p)) is a closure.

(2) For Str, ,, satisfying Condition (1), the follow-

>y

ing statement holds: for any (V, Y) and all p, A if

J{l,n>H2(Va Ya b, h) Vv J(—l,n>H2(I/a Ya p, h) hOIdS: then
_ +

V.ne G, =] _mnagwnhod] 1w

Y)|A); v, N}, WhereA; (C', Q) are realization ICF for

(C', 0),x € E,and —~(G,, = A).

(3) For Sir,, ,, satistying Condition (1), the causal com-
pleteness axioms CCA© are true, where 6 € +, — [6].

4) 5X’y(Q(s))| > |Q%(0)| and m, = [,, where s is the
number of the last expansion of FB(p), m, = |Q1(0)),
and /, is the number of correct predictions of the stud-
ied effect Q.

(5) For Str, , satisfying Condition (1), there exists a
successful sequence M (x, y) such that k> 3 (k success-
ful M (x, y)).

(6) Complete JSM research for all Str,, from a
given set Str is characterized by the following scheme.

19.Q(0, 1), Q(1L, 1), ..., Q(s, 1); Q0, ) cQ(1, 1) =
Qs 1),

20, Q%(0, 1), Q%0, 1) = Q%p, h) for all p and A,
where 0<p<s,he HPW
3. HPW , |HPW | = (s + 1)!;
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4. Str,

50 ICF,

6°. 6.3, :
where 3 = {[3, Jd(xe I") & (y€ )}, [S,,]p= v
2 Q (5, + D) UAG,(s + D R)), Zg, many of
all 4/ (C", Q), corresponding to G, ,,

We suppose that there exists a QAT such that for
Str, , Conditions (1)—(6) are satisfied.

where y € E.

The following condition holds: 3 belong to

[S<(adob)*,ﬁa‘>L and |:S<ﬁa+,(a dob)‘>L’ where ((adyb)*,

—a~) and (—a", (adyb)~) are the largest elements of
direct products of lattices Int(L*x—L~) and
Int(—L*xL™) for inductive inference rules (/*) and (I7),

respectively [13]. Wherein A; (Cl ,Ql) and A, (C;,Qz)
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correspond to 3 and 3 < , where a is

<(ad0b)*,ﬁa*> ﬂa*,(adgb)*>

the index A, and A, is the largest element of the par-
tially ordered sets E* and E-, respectively, where E =
EtUE".

Conditions (1)—(6) have various attenuations that
characterize real JSM research, which correspond to
ExtER and a specific forest generated by this complete

JSM research for Str.

It is important to note that Xz contains empirical
nomological statements (£N.S) of three types of modal-
ities 0J,, ¢, and V,, which in a sense expresses the
degree of nomology while maintaining universality
using quantifiers VZVp. ENS express the knowledge dis-
covery, which is the goal of data mining as a means of
research support and the formation of open theories (by
virtue of this, open data is more important than big data).

Translated by S. Avodkova
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